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This paper presents a novel conjugate gradient method to identify the impact force of stochastic composite struc-
ture. Firstly, the proposed method is established based on constructing a new gradient regularization operator, and
its stability and global convergence are strictly proven. Moreover, the proposed method solves the deterministic in-
verse problem of composite laminated cylindrical shells. Then, using the matrix perturbation method, the uncertain
inverse problem of the impact force reconstruction of stochastic structure is converted to definite inverse problems.
At last, the statistical properties of the reconstructed impact load are also analyzed. Numerical simulations show
that the proposed method performs well in identifying the impact force of composite laminated cylindrical shells
with stochastic and non-stochastic properties.

1. INTRODUCTION

Nowadays, in many engineering cases, it is essential to get
relevant information about the impact of dynamic load on the
design of engineering structures.1–6 However, the direct mea-
surement of the impact loads on actual engineering structures
is not straightforward in some cases, but rather the more easily
obtainable structure responses. Therefore, many researchers
have researched and developed several practical computation
algorithms to obtain the impact force7–11 in the time domain
and frequency domain.

Li et al. proposed a new method for time domain force iden-
tification, which can identify the low and high-order dynamic
components at the same time with high precision.12 The time
domain method researched the time history and the variation
process of the identified load.13–15 Hou et al. developed a load
identification model that can be extended to the problem of
moving load identification, which is based on the hpd-s for-
mat PIM.16 Pan et al. proposed a firefly algorithm to obtain
moving loads from strain responses, and only one sensor can
accurately identify two moving loads.17 He et al. used com-
posite triangular wavelets to identify dynamic force.18 Feng
et al. proposed an element based on the Bayesian regulariza-
tion method to deal with the ill-conditioned problem of time-
domain load identification.19 A non-iterative inverse method
based on Newmark and Finite Element Method (FEM) was
proposed for the identification of the dynamic loads of dif-

ferent structures.20 Yan et al. proposed a novel approach to
identifying the impact position and reconstructing the impact
force’s time history on composite structures through dynamic
strain measurement.21 A novel time domain load identifica-
tion method based on Bayesian framework regularization was
presented to solve the problem of bad conditioning.22 Tang
et al. presented a new approach for load identification based
on stochastic response power spectrum density and proved its
correctness in simple beam bridge load analysis.23, 24 A kind of
Chebyshev polynomial recognition method, composed of time
history and location, is presented.25

However, there is much-related research on dynamic load
identification, which needs further development. In addition,
most of the research above is attributed to the deterministic in-
verse problem because the geometric and material values are
deterministic.26–28 There are many uncertainties29 in practi-
cal engineering, such as manufacturing errors and the unpre-
dictable environment. Therefore, it is necessary to involve
rational modeling and multiple sources of uncertainty in the
research of uncertain load identification.30–33 So, it is very im-
portant to do quantitative research on the uncertainty in identi-
fying definite loads.34, 35 Accurate impact load information is
essential in the impact dynamics and subsequent safety assess-
ment of practical engineering. Furthermore, the impact load
identification of stochastic structures is much more compli-
cated, worthy, and urgent to investigate. Also, less work on
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stochastic impact load identification has been conducted in re-
cent years. Additionally, in the authors’ previous work,36 it
was based on βWDX

k which did not perform well in maintain-
ing significant singular values and filtering small singular val-
ues and just only considered deterministic dynamic load iden-
tification. Therefore, this paper proposes a modified conju-
gate gradient (MCG) method to calculate the impact load of
composite laminated cylindrical shells with stochastic struc-
ture parameters. Statistical characteristics of reconstructed im-
pact force are also evaluated.

The following sections of the paper are organized as fol-
lows. In section 2, we introduce the newly developed conju-
gate gradient method, and demonstrate its stability and global
convergence by means of mathematics. Sections 3 and 4 are
devoted to the application of the present method to the impact
load identification of composite laminated cylindrical shells
with multi-source random properties.

2. CONJUGATE GRADIENT METHOD

2.1. Improvement of New Conjugate
Gradient Method

In this paper, we consider the following unconstrained opti-
mization problem:

min
w∈Rn

H(w). (1)

The gradient of the continuously differentiable function H :
Rn → R at point wk is denoted by g(wk). Its iterative form is
given as:

wk+1 = wk + αkdk, k = 0, 1, 2, · · · ; (2)

where αk is the step size, and the search direction is dk. Gener-
ally, the step αk can be obtained based on the Wolfe line search
method. Here we define the search direction dk as follows:

dk =

{
−g0, k = 0

−gk + βkdk−1, k ≥ 1
; (3)

where βk is a scalar, and gk is the gradient of H(w) at the
point wk. Different parameters βk correspond to different con-
jugate gradient methods. Many researchers have developed
many new different conjugate gradient methods. Based on this,
this paper proposes a new conjugate gradient method in which
βk is defined as:

βk =


gT
k (gk−µ

dk−1gTk

∥dk−1∥2 dk−1)

dT
k−1(gk−gk−1)

gTk gk−1 ≥ 0,

gT
k (gk+µ

dk−1gTk

∥dk−1∥2 dk−1)

dT
k−1(gk−gk−1)

gTk gk−1 < 0,

; (4)

where 0 < µ < 1 is a variable parameter.
The standard Wolf line search is given as:

H(wi + αkdk)−H(wk) ≤ δαkg
T
k dk; (5)

g(wk + αkdk)
T dk ≥ σgTk dk; (6)

where 0 < δ < σ < 1. Exploiting this line search, the param-
eter αk can be obtained. The so-called new conjugate gradient
method (MCG) is based on Eqs. (4), (5), (6).

Throughout the paper, we make the following assumptions:
(H1): On the level set Ω = {w ∈ Rn|H(w1) ≥ H(w)}, where
w1 is the initial point, H(w) has a lower-bound value.
(H2): In the neighbouring domain of Ω, the continuously dif-
ferentiable function H(w) satisfies:

∥g(w)− g(y)∥ ≤ L ∥w − y∥ , ∀w, y ∈ Ω. (7)

The computation steps of the proposed method is provided
as:
Step 1: w1 ∈ Rn is chosen as the initial point, and other pa-
rameters are given as: d1 = −g1, ε > 0, k = 1. We will stop it
when ε ≥ ∥g1∥ .
Step 2: Exploiting Eq. (5) and Eq. (6), the step length αk can
be computed.
Step 3: According to Eq. (2), wk+1 can be obtained. We will
stop it when ∥gk+1∥ ≤ ε.
Step 4: According to Eq. (3) and Eq. (4), dk+1 and βk can be
obtained.
Step 5: k = k + 1 ; switch to step 2.

2.2. Proof of Global Convergence
Lemma 1 Let’s we assume (H1) and (H2) hold. Based on
Eq. (4), exploiting the newly developed conjugate gradient
method, we can compute dk and gk. If gk ̸= 0 for k ≥ 1,
then gT

k
dk < 0.

Proof 1

(1) if µ = 0, then βk = βDY
k .

(2) if k = 1 , then gT1 d1 = −∥g1∥2 < 0. The conclusion holds.
Suppose gTk−1dk−1 is negative for k − 1 and k ≥ 2, from

Eq. (6) we have:

0 < (σ − 1)gTk−1dk−1 ≤ dTk−1(gk − gk−1). (8)

Assume that ηk and ξk respectively represent the angle be-
tween dk−1 and gk, gk−1 and gk vectors, and we have:

cos ηk =
gTk dk−1

∥gk∥ ∥dk−1∥
, cos ξk =

gTk gk−1

∥gk∥ ∥gk−1∥
. (9)

If gTk gk−1 ≥ 0, employing Eqs. (3), (4) and (6), we have
Eq. (10).

If gTk gk−1 < 0, we have Eq. (11)
By mathematical induction, we know that Lemma 1 is true.

Lemma 2 Under the conditions of (H1) and (H2), when αi is
chosen based on Eq. (5) and (6), we can obtain:

0 ≤ βk ≤ gTk dk
gTk−1dk−1

. (12)

Proof 2

From Eq. (4) and the angle ξk and ηi, we can obtain:

βk =
∥gk∥2(1− µ cos ξkcos

2ηk)

dTk−1(gk − gk−1)
≥ 0(gTk gk−1 ≥ 0); (13)
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gTk dk = −∥gk∥2 + βkg
T
k dk−1 − ∥gk∥2 = +

gTk

(
gk − µ∥gk∥gk−1

∥gk−1∥2 · (gT
k dk−1)

2

∥gT
k ∥2∥dk−1∥2

)
dTk−1(gk − gk−1)

gTk dk−1

=
−∥gk∥2(dTk−1gk + dTk−1gk−1 + gTk dk−1)− µgT

k ∥gk∥gk−1

∥gk−1∥ · (gT
k dk−1)

2

∥gk∥2∥dk−1∥2 gTk dk−1

dTk−1(gk − gk−1)

=
dTk−1gk−1∥gk∥2 − µ∥gk∥2cos2ηk cos ξk · gTk dk−1

(gk − gk−1)T dk−1
≤

gTk−1dk−1∥gk∥2(1−µσ cos ξkcos
2ηk)

dTk−1(gk − gk−1)
< 0. (10)

dTk gk = βkg
T
k dk−1 − ∥gk∥2 = −∥gk∥2 +

gTk

(
gk + µ∥gk∥gk−1

∥gk−1∥2 · (gT
k dk−1)

2

∥gT
k ∥2∥dk−1∥2

)
dTk−1(gk − gk−1)

gTk dk−1

=
−∥gk∥2dTk−1gk + ∥gk∥2dTk−1gk−1 + ∥gk∥2gTk dk−1 +

µgT
k ∥gk∥gk−1

∥gk−1∥ · (gT
k dk−1)

2

∥gk∥2∥dk−1∥2 gTk dk−1

dTk−1(gk − gk−1)

=
∥gk∥2dTk−1gk−1 + µ∥gk∥2cos2ηk cos ξk · gTk dk−1

dTk−1(gk − gk−1)
≤

∥gk∥2gTk−1dk−1(1+µσ cos ξkcos
2ηk)

dTk−1(gk − gk−1)
< 0.

(11)

βk =
∥gk∥2(1 + µ cos ξkcos

2ηk)

dTk−1(gk − gk−1)
≥ 0(gTk gk−1 < 0). (14)

So, βk ≥ 0.

Next, we prove that βk ≤ gT
k dk

gT
k−1dk−1

.

βk =
∥gk∥2(1− µ cos ξkcos

2ηk)

dTk−1(gk − gk−1)
≤

(1− σµ cos ξkcos
2ηk)∥gk∥2

dTk−1(gk − gk−1)
≤

gTk dk
gTk−1dk−1

(gTk gk−1 ≥ 0); (15)

βk =
∥gk∥2(1 + µ cos ξkcos

2ηk)

dTk−1(gk − gk−1)
≤

∥gk∥2(1 + σµ cos ξkcos
2ηk)

(gk − gk−1)dTk−1

≤

gTk dk
gTk−1dk−1

(gTk gk−1 < 0). (16)

In summary, βk ≤ gT
k dk

gT
k−1dk−1

. So 0 ≤ βk ≤ gT
k dk

gT
k−1dk−1

, and
Lemma 2 holds.

Theorem 1 Under the conditions of (H1) and (H2), if we con-
sider any iteration of Eq. (3), in which αk follows the standard
Wolfe line search conditions and dk satisfies a descent direc-
tion, then we obtain:∑

k≥1

(gTk dk)
2

∥dk∥2
< +∞. (17)

Proof 3

From Lemma 1, we have gTk dk < 0. Therefore, the following
conclusion holds:

0 < (σ − 1)gTk dk ≤ dTk (gk+1 − gk). (18)

From (H2), we have:

dTk (gk−1 − gk) ≤ Lαk∥dk∥2. (19)

Thus, we can obtain:

αk ≥ (σ − 1)gTk dk

L∥dk∥2
. (20)

Because the sequences Hk are monotonic decreasing and con-
vergent, we get:

Hk −Hk−1 ≥ −δαkg
T
k dk ≥ −δ(σ − 1)(dk

T gk)
2

∥dk∥2L
=

(1− σ)δ

L

(gTk dk)
2

∥dk∥2
. (21)

Taking the limit of the sum of both sides of Eq. (21), we get:∑
k≥1

(1− σ)δ

L

(dk
T gk)

2

∥dk∥2
≤

∑
k≥1

(Hk −Hk−1) = H1 − lim
k→∞

Hk < +∞. (22)

Therefore, Eq. (17) holds, that is, Theorem 1 is true.

Theorem 2 Under the conditions of (H1), (H2) and Lemma
1, αk is chosen according to the standard Wolfe line search
conditions. βk is chosen as Eq. (4). Then we have that:

lim
k→∞

inf ∥gk∥ = 0. (23)

International Journal of Acoustics and Vibration, Vol. 29, No. 1, 2024 23



L. Wang, et al.: A NEW CONJUGATE GRADIENT METHOD FOR IMPACT LOAD IDENTIFICATION OF STOCHASTIC COMPOSITE STRUCTURES

Proof 4

Assume by contradiction that Eq. (23) does not hold. For all k,
there exists a constant λ > 0,

Herein we use the proof by contradiction. Suppose Eq. (23)
is not satisfied, i.e., there must be a positive parameter λ such
that:

∥gk∥ ≥ λ. (24)

Squaring both sides of dk = −gk +βkdk−1, we obtain that:

β2
k∥dk−1∥2 − ∥gk∥2 − 2gTk dk = ∥dk∥2. (25)

Dividing the above formula by (gTk dk)
2, yields:

∥dk∥2

(dTk gk)
2
=

β2
k∥dk−1∥2

(gTk dk)
2 − 2

gTk dk
− ∥gk∥2

(gTk dk)
2

=
β2
k∥dk−1∥2

(gTk dk)
2 +

1

∥gk∥2
− (

1

∥gk∥
+

∥gk∥
gTk dk

)2

≤ β2
k∥dk−1∥2

(gTk dk)
2 +

1

∥gk∥2
.

(26)

From Eq. (12) of Lemma 2, we have:

∥dk∥2

(gTk dk)
2 ≤ 1

∥gk∥2
+

∥dk−1∥2

(gTk dk)
2

(gTk dk)
2

(gTk−1dk−1)
2 =

∥dk−1∥2

(gTk−1dk−1)
2 +

1

∥gk∥2
. (27)

From Eq. (3), we can get:

d1 = −g1. (28)

Thus, we have:
∥d1∥2

(gT1 d1)
2 =

1

∥g1∥2
. (29)

By recursion, we obtain:

∥dk∥2

(gTk dk)
2 ≤

k∑
j=1

1

∥gj∥2
≤ k

λ2
. (30)

That is:
(gTk dk)

2

∥dk∥2
≥ λ2

k
. (31)

Summing both sides of Eq. (31), we get:

∑
k≥1

(gTk dk)
2

∥dk∥2
≥ λ2

∑
k≥1

1

k
= +∞. (32)

This contradicts Eq. (17). So, Theorem 2 holds.

3. IMPACT FORCE RECONSTRUCTION
WITHOUT CONSIDERING STOCHASTIC
FACTORS

Next, we will apply the newly developed MCG method to
the impact load identification of a composite structure.

Figure 1. Composite laminated

Under the assumption of time invariance and linearity, the
impact load of the structure can be calculated indirectly. The
corresponding reaction of an engineering structure at an arbi-
trary point can be computed according to the following for-
mula:30, 32, 35, 37

y(t) =

∫ t

0

p(τ)g(t− τ)dτ ; (33)

in which g(t), y(t) and p(τ) represent the Green’s function, the
displacement response, and the expected known load, respec-
tively.

In this paper, a composite laminated cylindrical shell36, 38

is selected as the research object to verify the effectiveness
and stability of the proposed method. Figure 1 shows the fi-
nite element model (FEM) of the composite laminated cylin-
drical shell. It has 936 nodes and 900 grids. The cylindrical
shell size is 200.0 mm in middle radius, 10.0 mm in thick-
ness, and 500.0 mm in length. It consists of one carbon/epoxy
layer and one glass/epoxy layer. Its stacking sequence is de-
noted by [C90/G + 45/G − 45]s, where C and G stand for
the carbon/epoxy and the glass/epoxy layer, respectively, and
90,+45, and −45 stand for the angle of fiber-orientation to
the center axis. The subscript s means that it is symmetri-
cally stacked. The corresponding specific parameter informa-
tion such as material properties can be referred to Wang, Gao,
Xie, Fu, Du;36 Wang and Xie.38 The actual impact force is
given as:

F1(t) =


0, t ∈ [0, td/4]
q1 sin(

2πt
5td

), t ∈ (td/4, td/2]

0, t ∈ (td/2, 3td/4]
q2 sin(

2πt
5td

), t ∈ (3td/4, td]

0, t ∈ (td, 5td/4]

F2(t) = 2q1t
td

e−200t, t ∈ [0, 5td/4]

; (34)

where td = 0.04 s, q1 = −1000 N, q2 = −500 N. Using FEM,
we get the radial displacement response. In order to simulate
the real environment, we increased the noise level by 5% to
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Table 1. The identified impact force at five time points at 5% noise level.

Tikhonov method MCG method FRCG method
Time point Real force Identified force Error (%) Identified force Error (%) Identified force Error (%)

F1 0.005 0 1.17 0.12 -57.00 5.70 -18.36 1.84
F2 0.002 670.32 684.19 1.51 675.14 0.52 714.14 4.76
F1 0.015 1000 1064.59 6.46 1024.5 2.45 933.50 6.65
F2 0.005 919.70 949.49 3.24 936.19 1.79 906.30 1.46
F1 0.033 404.51 359.37 4.51 350.57 5.39 388.83 1.57
F2 0.012 544.31 509.92 3.74 536.5 0.85 582.03 4.10
F1 0.035 500 466.50 3.35 471.48 2.85 475.98 2.40
F2 0.025 84.22 98.71 1.58 92.82 0.93 80.96 0.35
F1 0.038 293.89 310.68 1.68 265.24 2.86 313.71 1.98
F2 0.035 15.96 -18.11 3.70 4.92 1.20 41.30 2.76

Error (%) Maximum Average Maximum Average Maximum Average
F1 10.64 3.36 10.68 3.07 10.87 3.09
F2 8.10 2.41 8.54 2.35 8.29 2.42

Figure 2. The radial displacement response at one point.

get data close to the practical measurement results. The corre-
sponding displacement responses are shown in Figures 2 and 3.
The convergence control error and the parameter of the gradi-
ent regularization operator are given as ε = 0.11 and µ = 0.6,
respectively. The traditional Tikhonov regularization method,
MCG, and the original conjugate gradient method (FRCG) are
evaluated with the average and relative estimation errors, and
their calculation formulas are respectively given as:

FAverage =
1

n

n∑
i=1

∣∣FIdentified(i)− FReal(i)

max{Fj}
∣∣ ∗ 100;

F̃ =
∣∣FIdentified(i)− FReal(i)

max{Fj}
∣∣ ∗ 100;

in which i = 1, 2, · · · , n, j = 1, 2.

It can be seen from Figures 4 to 7 that three regularization
methods, such as Tikhonov, MCG, and FRCG, can identify the
impact force well. Figures 4 and 5 show that the MCG method
is better than the conventional Tikhonov regularization method
and FRCG at 5% noise level. At the same time, according to
the specific calculation results in Figures 6, 7, and Table 1, the
most relative error of Tikhonov and FRCG is greater than that
of MCG. The maximum identification error of Tikhonov and
FRCG in reconstructing F1 is 10.64%, 10.87%, and the maxi-
mum error of the MCG method is 10.68%. The average error

Figure 3. The radial displacement response at the other point.

Figure 4. The reconstructed F1.

rate of the traditional Tikhonov regularization method, MCG,
and FRCG is 3.36%, 3.07%, and 3.09%, respectively. For im-
pact load F2, the maximum identification error of Tikhonov
and MCG is respectively 8.1%, 8.54%, and FRCG’s is 8.29%.
Additionally, the average identification error of Tikhonov is
2.41%, and the average error of the MCG and FRCG methods

International Journal of Acoustics and Vibration, Vol. 29, No. 1, 2024 25



L. Wang, et al.: A NEW CONJUGATE GRADIENT METHOD FOR IMPACT LOAD IDENTIFICATION OF STOCHASTIC COMPOSITE STRUCTURES

Figure 5. The reconstructed F2.

Figure 6. The relative error for F1.

is 2.35%and2.42%. The above research results show that the
MCG algorithm performs well in impact force reconstruction
without considering stochastic factors and verify the stability
and effectiveness of the proposed method.

4. IMPACT LOAD IDENTIFICATION
CONSIDERING STOCHASTIC FACTORS

4.1. Problem Formulation
Green’s function is random to a certain extent when we con-

sider the practical engineering case that the geometrical and
physical parameters of the structure are partly random. Thus,
the expected known impact load and the Green function are
stochastic and related to time and random structure parame-
ters. On this basis, the convolution integral formula used to
identify the impact load of random structures is derived as:∫ t

0

p(τ, ξ)g(t− τ, ξ)dτ = y(t); (35)

where ξ is a stochastic structure parameter.

Figure 7. The relative error for F2.

The time history is split into Q equal intervals and ∆t rep-
resents each interval. Then at t = h∆t (h = 0, 1, · · · , Q), we
have Eqs. (36) and (37) in which the Green’s function and the
response are denoted by g(th, ξ) and y(th), respectively, and
p(th, ξ) considers the unknown load.

Then, we use the simplified Eq. (37) to investigate the im-
pact force identification with random factors.

4.2. Perturbation Analysis
Regarding the accuracy of the results, the Monte Carlo

method is considered the best method to solve the inverse prob-
lem Eq. (37) and is often used to check the accuracy of other
methods. However, its computation cost is much higher be-
cause of many matrix calculations. The perturbation technol-
ogy is usually exploited to transform the impact force identi-
fication with uncertain factors into deterministic impact load
identification.

Among them, the Taylor expansion method is employed to
describe the random parameters:

ξ=∆ξr + ξd; (38)

ξl=∆ξrl + ξdl; (39)

in which ξ = (ξ1, ξ2, · · · , ξq).
Here, d and r denote the mean and fluctuation of stochastic

parameters, respectively. Thus, we obtain:

G(ξ) = Gd +∆Gr; (40)

p(ξ) = ∆pr + pd. (41)

Substituting Eq. (40) and Eq. (41) into Eq. (37), we obtain:

y = (Gd +∆Gr)(pd +∆pr). (42)

Expanding Eq. (42), yields:

y = Gdpd; (43)

−∆Grpd = ∆prGd. (44)
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g(t1, ξ) 0 · · · 0
g(t2, ξ) g(t1, ξ) · · · 0

...
...

. . .
...

g(tQ, ξ) g(tQ−1, ξ) · · · g(t1, ξ)




p(t0, ξ)
p(t1, ξ)

...
p(tQ−1, ξ)

∆t =


y(t1)
y(t2)

...
y(tQ)

 ; (36)

i.e.
y = G(ξ)P (ξ). (37)

Noticing the certainty of y and Gd in Eq. (43), we can get the
mean of the load using the conventional regularization method.
We can obtain ∆pr from Eq. (44).

Aditionally, considering that ∆ξrl is infinitesimal30, 32 com-
pared to ξdl, we can obtain:

∆Gr ≈
q∑

l=1

Gd,l∆ξrl; (45)

∆pr ≈
q∑

l=1

pd,l∆ξrl; (46)

in which the equivalent derivative of ξl is denoted by d, l.
Then we can get:

−Gd,lpd = Gdpd,l. (47)

Thus, for l = 1, 2, · · · , q, we have:

y = Gdpd; (48a)

Gdpd,l = −Gd,lpd; (48b)

Actually, Eq. (48a) and (48b) can be treated similarly. More-
over, the sensitivity Gd,l in Eq. (48b) can be numerically com-
puted.

Taking into account the practical engineering case, we can
re-express Eq. (48a) as:

yerr = Gdptr; (49)

where yerr is a measured response containing the noise.

4.3. Analysis of the Statistical Feature
In this section, the lower boundary, the upper boundary, and

statistical characteristics will be investigated.
Using Eq. (41), we can obtain that:

pd = E(△pr) + E(pd) = E(p(ξ)). (50)

We have:

var(p(ξ)) =
∞∫

−∞
· · ·

∞∫
−∞

f(ξ)(E(p(ξ))− p(ξ))2dξ

≈
∞∫

−∞
· · · |

∞∫
−∞

(
q∑

l=1

∆ξrlpd,l)
2f(ξ)dξ

=
q∑

i=1

q∑
j=1

pd,ipd,jcov(ξi, ξj)

; (51)

cov(ξi, ξj) =

∞∫
−∞

· · ·
∞∫

−∞

∆ξri∆ξrjf(ξ)dξ = ρijσ(ξi)σ(ξj).

(52)

Figure 8. The sensitivity of impact force about ξ1.

Specifically, if there is no correlation between ξi and ξj , we
have:

var(p(ξ)) =

q∑
i=1

(pd,iσ(ξi))
2. (53)

Then, we can get the upper and lower bounds of the deter-
mined collision load as:{

pup = pd + [4 var(p(ξ))]
1
2

pdown = pd − [4 var(p(ξ))]
1
2

. (54)

Furthermore, the mean change factor of the nth recon-
structed force is given by:

CV (p(n)(ξ)) =

Q−1∑
k=0

√
var(p(n)(tk, ξ))

Q−1∑
k=0

E(p(n)(tk, ξ))

× 100%. (55)

4.4. Engineering Application
We again investigate the engineering problem of Section

3. Because of the discontinuity of materials, Young’s mod-
ulus ξ1 of glass/epoxy resin and ξ2 of carbon/epoxy resin
are independent normal variables. The corresponding math-
ematical expectations are mu1 = 38490000 kPa and mu2 =
142170000 kPa, respectively. Additionally, their variation co-
efficients are set as CVi = 5%(i = 1, 2). Herein, we consider
the noise level as 5%.

When the random variables ξ1 and ξ2 take their average val-
ues, respectively, using Eq. (48b), the sensitivity of p1 and p2
to random variables ξ1 and ξ2 can be respectively obtained.
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Table 2. The detailed identification.

F1 F2
Time point True load (N) Reconstructed load (N) Error (%) Time point True load (N) Reconstructed load (N) Error (%)

0.005 0
138.69 13.87

0.002 670.32
690.99 2.25

8.55 0.86 654.8 1.69

0.015 1000
1042.1 4.21

0.005 919.70
954.52 3.79

1005.2 0.52 879.96 4.32

0.033 404.51
462.68 5.82

0.012 544.31
550.84 0.71

352.33 5.22 516.49 3.02

0.035 500
518.53 1.85

0.025 84.22
192.41 11.76

349.82 15.02 24.89 6.45

0.038 293.89
153.7 14.02

0.035 15.96
160.61 15.73

74.84 21.91 10.94 0.5

Figure 9. The sensitivity of impact force about ξ2.

They are shown in Figures 8 and 9. Figures 10 and 11 show
the upper and lower limits of the reconstructed impact force by
the proposed algorithm.

As can be seen from Figures 10 and 11, most of the ac-
tual impact load is between the conveyor belt, i.e., between the
lower and upper boundaries. It is found that MCG and the ma-
trix perturbation method can get the lower and upper bound-
aries of impact load well in the presence of noise interference.
In addition, because random structural parameters significantly
affect the identification accuracy, the boundary width is rel-
atively large at the two collision load peaks. Table 2 shows
specific results at five time points, such as the lower and upper
deviation of the identified impact load.

The results in Table 2 show that the maximum error between
boundary load and real load is 21.91%. In the reconstruction
of the first impact force, the maximum boundary error value
is 21.91%, the minimum boundary deviation value is 0.52%,
and the coefficient of variation is 12.91%. In the reconstruc-
tion of the second impact force, the maximum boundary er-
ror value is 15.73%, the minimum boundary deviation value
is 0.55%, and the coefficient of variation is 12.85%. Based on
the above analysis, we find that the identification of the im-
pact load of stochastic structure is affected by the influence of
random structural parameters.

Figure 10. The bound of identified F1.

5. CONCLUSION

This paper proposes a new conjugate gradient method for
impact force identification with and without considering ran-
dom structural parameters. Considering that the structure pa-
rameters are random in practical engineering, we construct
the uncertain impact load identification model with random
characteristics. Exploiting the matrix perturbation method,
we transform this model into a deterministic inverse problem,
which can be dealt with by the newly developed conjugate gra-
dient method. The present algorithm provides a regularized
solution to the deterministic force identification problem. Fur-
thermore, the statistical features of the reconstructed impact
force are investigated. Numerical simulations verify that the
proposed method is stable and efficient in identifying the im-
pact force. Our method will be exploited in future studies to
impact load reconstruction of other composite structures with
multi-source stochastic properties. In addition, we plan to ap-
ply the proposed method to the inverse problem of dynamic
structural reliability.
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Figure 11. The bound of identified F2.
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