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Honeycomb sandwich shells with composite face sheets are of extensive use in the spacecraft industry. Information
on the number of resonant modes present in a frequency band is required to study their response behaviour under
acoustic excitation. Modal densities of thin composite cylindrical shells have been reported while transverse shear
deformations have not been considered. But in honeycomb sandwich panels, transverse shear deformations are
significant, especially at higher order modes of vibration. In this work expressions for natural frequency and
modal density of composite cylinders incorporating transverse shear deformation are derived. The modal densities
of a typical cylinder that are obtained using the derived expression are compared with the results obtained using
the finite element method and they are similar. Effects of transverse shear and orthotropic nature of the face sheets
on the modal densities are investigated. It is shown that computing the modal density of honeycomb sandwich
cylinders without considering the transverse shear deformation can lead to significant errors at high frequencies.
Expressions of modal densities for special cases are also derived from the general expression.

NOMENCLATURE

ux, uθ, ur displacement along the longitudinal,
tangential and radial directions

ψx, ψθ rotations of the transverse plane
Nxx, Nθθ, Nxθ force resultants per unit length
Mxx,Mθθ,Mxθ moment resultants per unit length
εxx, εθθ in-plane direct strains
γxθ in-plane shear strain
γxr, γθr transverse shear strains
Qxr, Qθr shear forces per unit length
Ø Airy’s stress function
Aij extensional stiffness terms
Bij coupling stiffness terms
Dij bending stiffness terms
Qij coefficients of elastic stiffness
qr external transverse force per unit area
N shear rigidity of the shell
G shear modulus of the core
t thickness of face sheet
h thickness of the core
a radius of the cylinder
L length of the cylinder
A Area of the cylinder
K1, K2 function of wave numbers
m axial half wave number
n circumferential full wave number
n(ω) number of modes per rad/s
n(f) number of modes per Hz
N(ω) number of modes below the radian fre-

quency ‘ω’
N(f) number of modes below the cyclic fre-

quency ‘f ’

1. INTRODUCTION

Honeycomb sandwich plates/shells are widely used in satel-
lite structures due to their high stiffness to weight ratio. Broad
band acoustic excitation is one of the critical loading condi-
tions for satellite structures. Statistical Energy Analysis (SEA)
is a promising tool to study the response behaviour of struc-
tures subjected to such high frequency dynamic loads. Modal
density is an important parameter encountered in the calcula-
tion of response using SEA.1, 2 Expressions for modal densi-
ties of several structural forms are derived and are in use. Xie
et al.3 presented mode counts of several simple structural sys-
tems with various basic boundary conditions. They confirmed
that at high frequencies the modal density is independent of
boundary conditions.

In several larger spacecrafts, the primary structure consists
of a central cylinder which is a honeycomb sandwich construc-
tion with composite face sheets. Several studies have been re-
ported on modal densities of cylindrical shells. Modal densi-
ties of honeycomb sandwich cylinders have also been reported.
Wilkinson4 derived an expression for modal densities of sand-
wich cylinders incorporating shear deformation of the core and
Erickson5 modified the expression considering rotary inertia.
Ferguson and Clarkson6 obtained an expression for estimat-
ing modal density of paraboloidal structural element. Elliot7
presented expressions for the modal densities of thin as well
as honeycomb sandwich cylindrical shells in the form of inte-
grals which were evaluated numerically. Finnvedan8 presented
a finite element based approach to estimate the modal density
of shells and hence no expressions are derived and it was ap-
plied to isotropic shells. An alternate methodology to evaluate
the modal density of circular cylindrical shells is presented by
Farshidianfar et al.9 but it is applicable to only isotropic shells.
Ramachandran and Narayanan10 studied the effect of stiffen-
ers on the modal density of isotropic cylindrical shells. All the
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above works are on the isotropic shells or honeycomb sand-
wich shells with isotropic face sheets.

An expression for the modal densities composite cylindri-
cal shells was derived earlier11 which can be used for estimat-
ing the modal densities of thin composite cylindrical shells.
But the modal density determined using this expression does
not consider the transverse shear flexibility. In honeycomb
sandwich structures the shear modulus of the core is consid-
erably low and can have a significant effect on the modal den-
sity. Therefore, an expression for modal density of cylindrical
shells considering the shear flexibility is essential, especially
for determining the modal densities of honeycomb sandwich
composite cylinders.

In this work, modal densities of honeycomb sandwich cylin-
drical shells with composite face sheets are obtained. An ex-
pression for modal density of composite cylindrical shells con-
sidering transverse shear deformation is derived. An expres-
sion for natural frequency is required to derive the expression
for modal density. No closed form expressions are presented
in literature for estimation of natural frequencies of such shells
incorporating transverse shear. Therefore, an expression for
natural frequency is first derived. Expression for modal density
is then derived by adopting wave space integration technique.
Modal densities of a typical composite cylinder computed us-
ing the expression derived here are compared with the results
obtained using the finite element method. Influence of trans-
verse shear deformation on the modal densities is investigated.
The expressions for some special cases are also presented.

2. DIFFERENTIAL EQUATIONS OF MOTION

Consider a cylinder having a radius a, length L and mass
per unit area of ρm. The co-ordinate axes are denoted by x for
longitudinal, θ for tangential and r for radial as shown in Fig. 1.
The displacement along the longitudinal direction is ux, along
the tangential direction (linear displacement) is uθ and along
the radial direction is ur.

In this work, Donnell’s shell theory incorporating first order
shear deformation along with Airy’s stress function is used.

2.1. Force and Moment Equilibrium
Equations

For laminated cylindrical shells under free vibration, ne-
glecting rotary inertia,

∂Nxx
∂x

+
1

a

∂Nθx
∂θ

= ρm
∂2u0x
∂t2

; (1)

∂Nxθ
∂x

+
1

a

∂Nθθ
∂θ

+
Qθr
a

= ρm
∂2u0θ
∂t2

; (2)

∂Qxr
∂x

+
1

a

∂Qθr
∂θ
− Nθθ

a
= ρm

∂2ur
∂t2

; (3)

∂Mxx

∂x
+

1

a

∂Mθx

∂θ
−Qxr = 0; (4)

∂Mxθ

∂x
+

1

a

∂Mθθ

∂θ
−Qθr = 0; (5)

which is a set of coupled equations with 5 displacement com-
ponents (u0x, u0θ, ur, ψx, ψθ).12–14 In the above equations Nxx,
Nθθ, Nxθ, Mxx, Mθθ, and Mxθ are the force and moment re-
sultants (per unit length) and Qxr and Qθr are the shear forces
per unit length. In the above equations u0x and u0θ are the mid-
surface displacements and ur is the radial displacement. Com-

Figure 1. Coordinate system.

bining Eqs. (3), (4), and (5) we get

∂2Mxx

∂x2
+

2

a

∂2Mθx

∂x∂θ
+

1

a2
∂2Mθθ

∂θ2
− Nθθ

a
= ρm

∂2ur
∂t2

. (6)

Considering only the normal loading and neglecting the inertia
in the in-plane directions, Eq. (1) becomes

∂Nxx
∂x

+
1

a

∂Nθx
∂θ

= 0. (7)

Further, since the shear term Qθr
a is small relative to the other

terms of Eq. (2), Eq. (2) reduces to

∂Nxθ
∂x

+
1

a

∂Nθθ
∂θ

= 0. (8)

Equations (6), (7), and (8) form the force and moment equilib-
rium equations. It is to be noted that these differential equa-
tions do not change whether the transverse shear deformation
is considered or not.

2.2. Strain Displacement Relations
The strains are related to displacements as

εxx =
∂ux
∂x

; (9)

εθθ =
1

a

∂uθ
∂θ

+
ur
a
; (10)

γxθ =
∂uθ
∂x

+
1

a

∂ux
∂θ

. (11)

Equations (9), (10), and (11) do not change whether the trans-
verse shear deformation is considered or not. Also, the normal
strains acting on the plane parallel to the middle surface are
negligible compared to the other strain components. In other
words, no stretching is present in the radial/normal direction,
i.e. εr = 0. The radial displacement is independent of thick-
ness.12

2.3. First Order Shear Deformation Theory
Denoting the rotations of the transverse plane as ψx and ψθ,

the displacement field in a thin shell as well as in a thick shell
with first order shear deformation theory is

ux = u0x + zψx; (12)

uθ = u0θ + zψθ; (13)

where u0x and u0θ are the mid-surface displacements. In a thin
shell, ψx = −∂ur∂x and ψθ = − 1

a
∂ur
∂θ .
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Donnell’s first order shear deformation theory13 is used in
the present formulation. Therefore, the transverse planes that
are normal to the un-deformed mid-surface remain straight but
not normal to the mid-surface after deformation. The rotations
of the transverse planes are

ψx = γxr −
∂ur
∂x

; (14)

ψθ = γθr −
1

a

∂ur
∂θ

. (15)

In the first order shear deformation theory the curvatures are
given by

κxx =
∂ψx
∂x

=
∂γxr
∂x
− ∂2ur

∂x2
; (16)

κθθ =
1

a

∂ψθ
∂θ

=
1

a

∂γθr
∂θ
− 1

a2
∂2ur
∂θ2

; (17)

κxθ =
∂ψθ
∂x

+
1

a

∂ψx
∂θ

=
∂γθr
∂x
− 2

a

∂2ur
∂x∂θ

+
1

a

∂γxr
∂θ

. (18)

Substituting the expressions for the rotations of the
transverse plane [Eqs. (14–15)] and the displacement field
[Eqs. (12–13)] in Eqs. (9–11), the strains become

εxx = ε0xx + zκxx; (19)

εθθ = ε0θθ + zκθθ; (20)

γxθ = γ0xθ + zκxθ; (21)

where ε0xx, ε0θθ and γ0xθ are the mid-surface strains.
The transverse shear strains will be constant across the sec-

tion

γxr = γ0xr; (22)

γθr = γ0θr; (23)

where γ0xr and γ0θr are the mid-surface shear strains

γ0xr = ψx +
∂ur
∂x

; (24)

γ0θr = ψθ +
1

a

∂ur
∂θ

. (25)

It should be noted that the term uθ
a is neglected in the ex-

pression for γθr as per Donnell’s theory, whereas other theo-
ries (Love’s theory, Loo’s theory, Sander’s theory) include this
term in the formulation. In this work Donnell’s theory is used.

2.4. Force and Moment Resultants
The force and moment resultants are defined as in the case

of thin shells asNxxNθθ
Nxθ

 =

k=n∑
k=1

hkˆ

hk−1

σxxσθθ
τxθ


k

[
1 +

z

Ri

]
dz; (26)

Mxx

Mθθ

Mxθ

 =

k=n∑
k=1

hkˆ

hk−1

σxxσθθ
τxθ

[1 + z

Ri

]
z dz; (27)

where Ri is the radii of curvature in the respective direction
and k refers to the number of layers in the laminate. For cylin-
drical shell, Rx =∞ and Rθ = a.

It is assumed that the term
[
1 + z

Ri

]
is very close to

unity.15, 16 The stresses are related to the strains through elas-
tic stiffness coefficients denoted by Qij , details of which are
not given here for brevity but explained in Josephine Kelvina
Florence and Ranji work.11 The strains are related to the mid-
surface strains and curvatures through Eqs. (19–21). Combin-
ing all the above relations the force and moment resultants be-
come

Nxx
Nθθ
Nxθ
Mxx

Mθθ

Mxθ

 =


A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 D66




ε0xx
ε0θθ
γ0xθ
κxx
κθθ
κxθ

 ;

(28)

where Aij =
∑k=n
k=1 (Qij)k(hk − hk−1), also called as exten-

sional stiffness terms; Bij = 1
2

∑k=n
k=1 (Qij)k(h

2
k−h2k−1), also

called as coupling stiffness terms;Dij =
1
3

∑k=n
k=1 (Qij)k(h

3
k−

h3k−1), also called as bending stiffness terms; and Qij are co-
efficients of elastic stiffness.

In the present work the laminate considered is symmetric
and balanced, therefore Bij = 0; A16 = 0; A26 = 0. Also,
assume that D16 and D26 are negligible, the above relations
become
Nxx
Nθθ
Nxθ
Mxx

Mθθ

Mxθ

 =


A11 A12 0 0 0 0
A12 A22 0 0 0 0
0 0 A66 0 0 0
0 0 0 D11 D12 0
0 0 0 D12 D22 0
0 0 0 0 0 D66




ε0xx
ε0θθ
γ0xθ
κxx
κθθ
κxθ

 . (29)

The above set of equations is the same as those for thin com-
posite cylindrical shells, but the expressions for the curvatures
include the transverse shear effects.

2.5. Governing Differential Equations of
Motion

Using Airy stress function, the stress resultants can be de-
fined as

Nxx =
1

a2
∂2Ø
∂θ2

; (30)

Nθθ =
∂2Ø
∂x2

; (31)

Nxθ = −
1

a2
∂2Ø
∂x∂θ

. (32)

The function Ø was first introduced by Airy and is in gen-
eral known as Airy’s stress function.17 Using this function, the
first two equations of motion are satisfied completely. In other
words, two independent in-plane displacements are eliminated
and the unknowns reduce to two which are Ø and ur. For solv-
ing the two unknowns, we make use of the third equation of
motion and an additional equation generated using compatibil-
ity condition.

Substituting Eq. (29), Eqs. (16–18) and Eq. (31) in Eq. (6),
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we get

D11
∂3γxr
∂x3

+
D22

a3
∂3γθr
∂θ3

+

(D12 + 2D66)

a

{
∂3γθr
∂x2∂θ

+
1

a

∂3γxr
∂x∂θ2

}
=

D11
∂4ur
∂x4

+
2(D12 + 2D66)

a2
∂4ur
∂x2∂θ2

+

D22

a4
∂4ur
∂θ4

+
1

a

∂2Ø
∂x2

+ ρm
∂2ur
∂t2

. (33)

Equation (33) represents the first governing differential equa-
tion which is in terms of γxr, γθr, ur and Ø.

The terms involving γxr, γθr need to be eliminated to have
a closed form expression for the modal density. For this, we
make use of force equilibrium consideration which is given
below for ready reference

∂Qxr
∂x

+
1

a

∂Qθr
∂θ
− Nθθ

a
+ qr = 0. (34)

For a honeycomb sandwich construction, the average shear an-
gle γxr = Qxr

Nx
where Nx = Gxh

(
1 + t

h

)2
,18 where Gx is

the core shear modulus, h is the thickness of core and t is
the thickness of face sheet. Assuming the core to be isotropic
Gx = Gθ = G andNx = Nθ = N , called shear rigidity of the
shell, the shear angle can be expressed as

γxr =
Qxr
N

; γθr =
Qθr
N

. (35)

Substituting Eq. (35) into Eq. (34), the force equilibrium equa-
tion becomes

∂γxr
∂x

+
1

a

∂γθr
∂θ
− 1

Na

∂2Ø
∂x2

= −qr
N
. (36)

From Eq. (36), upon suitable algebraic operations, we get

D11
∂3γxr
∂x3

+
D22

a3
∂3γθr
∂θ3

= − 1

N

(
D11

∂2qr
∂x2

+
D22

a2
∂2qr
∂θ2

)
+

1

N

(
D11

a

∂4Ø
∂x4

+
D22

a3
∂4Ø

∂x2∂θ2

)
− D11

a

∂3γθr
∂x2∂θ

− D22

a2
∂3γxr
∂x∂θ2

.

(37)

Substitution of Eq. (37) into Eq. (33) gives

− 1

N

(
D11

∂2qr
∂x2

+
D22

a2
∂2qr
∂θ2

)
+

1

N

(
D11

a

∂4Ø
∂x4

+
D22

a3
∂4Ø

∂x2∂θ2

)
+(

D12 + 2D66 −D11

a

)
∂3γθr
∂θ∂x2

+(
D12 + 2D66 −D22

a2

)
∂3γxr
∂x∂θ2

= D11
∂4ur
∂x4

+

2(D12 + 2D66)

a2
∂4ur
∂x2∂θ2

+
D22

a4
∂4ur
∂θ4

+
1

a

∂2Ø
∂x2

+ ρm
∂2ur
∂t2

.

(38)

It is not possible to eliminate γxr and γθr completely. If the
terms having γxr and γθr are neglected, the differential equa-

tion becomes

− 1

N

(
D11

∂2qr
∂x2

+
D22

a2
∂2qr
∂θ2

)
+

1

N

(
D11

a

∂4Ø
∂x4

+
D22

a3
∂4Ø

∂x2∂θ2

)
= D11

∂4ur
∂x4

+

2(D12 + 2D66)

a2
∂4ur
∂x2∂θ2

+
D22

a4
∂4ur
∂θ4

+
1

a

∂2Ø
∂x2

+ ρm
∂2ur
∂t2

.

(39)

As qr = −ρm∂2ur
∂t2 , the above differential equation becomes

D11
∂4ur
∂x4

+
2(D12 + 2D66)

a2
∂4ur
∂x2∂θ2

+
D22

a4
∂4ur
∂θ4

+

1

a

∂2Ø
∂x2

+ ρm
∂2ur
∂t2

− ρm
N

∂2

∂t2

(
D11

∂2ur
∂x2

+
D22

a2
∂2ur
∂θ2

)
−

1

N

(
D11

a

∂4Ø
∂x4

+
D22

a3
∂4Ø

∂x2∂θ2

)
= 0. (40)

Equation (40) is the first governing differential equation in
terms of Airy’s stress function and normal displacements.

In this formulation, all the terms representing the shear ef-
fects are not included. However, if one considers the differ-
ential equation of a thin composite cylinder (which is given
below for reference),

D11
∂4ur
∂x4

+
2(D12 + 2D66)

a2
∂4ur
∂x2∂θ2

+
D22

a4
∂4ur
∂θ4

+

1

a

∂2Ø
∂x2

+ ρm
∂2ur
∂t2

= 0; (41)

one can infer that most of the significant terms are included. It
should also be noted that if the terms having γxr and γθr are not
neglected, it will not be possible to incorporate shear effects,
which will result in significant error.18 Since these terms are
third derivatives of the shear angle it is expected that these are
negligible.

To obtain the second differential equation, compatibility
condition is enforced. This is carried out by eliminating the
displacements from the strain displacement relationships and
is given by Eq. (42) as

κxx
a

+
∂2ε0θθ
∂x2

− 1

a

∂2γ0xθ
∂x∂θ

+
1

a2
∂2ε0xx
∂θ2

− 1

a

∂γxr
∂x

= 0. (42)

Using Eq. (29) and the definition of Airy stress function as
given in Eqs. (31–32), the mid-surface strains can be written
asε0xxε0θθ
γ0xθ

 =
1

A11A22 −A2
12

 A22 −A12 0
−A12 A11 0
0 0 1

A66


 1

a2
∂2Ø
∂θ2

∂2Ø
∂x2

− 1
a2

∂2Ø
∂x∂θ

.
(43)

Using Eq. (31) and Eq. (43) in Eq. (42), we get

A2
12 −A11A22

a

∂2ur
∂x2

+A11
∂4Ø
∂x4

+

1

a2
A11A22 −A2

12 − 2A11A66

A66

∂4Ø
∂x2∂θ2

+
A22

a4
∂4Ø
∂θ4

= 0.

(44)

This is the second equation in terms of Ø and ur.
Hence, Eqs. (40) and (44) are the governing differential

equations in terms of Airy’s stress function and normal dis-
placements.
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2.6. Assumptions
Though the assumptions involved in arriving at the differen-

tial equations are presented whenever they are applied they are
summarized here to have an overall idea. Some of these as-
sumptions are part of any two-dimensional structural analysis
but given here for completeness.

1. The shell is cylindrical.

2. The shell is shallow; the term [1 + z
Ri

] is very close to
one. The radius of curvature is very large compared to
the in-plane displacements.

3. Material is linearly elastic.

4. The laminate is symmetric, therefore Bij = 0.

5. The laminate is balanced, therefore A16, A26 = 0.

6. D16 and D26 are negligible.

7. Plane stress condition exists.

8. εr = 0, i.e., the displacement ur is independent of z.

9. The transverse shear strains in the face sheets are ne-
glected.

10. Mass distribution is uniform, i.e. mass per unit area is
constant.

11. Rotary inertia is neglected.

12. In a honeycomb sandwich construction the core is homo-
geneous; the wavelength is far greater than the cell size.

13. The transverse planes that are normal to the un-deformed
layers deform. The transverse deflection is due to both
shear force and bending moment.

14. The transverse plane remains straight but not normal to
the mid surface after deformation. Mindlin’s theory is
used. The rotation of the transverse plane (γxr and γθr) is
independent of the thickness of the shell and for this the
average value of the shear angle is used.

15. Donnell’s shear deformable theory is adopted. Influence
of inertia force in the in-plane direction is neglected. This
is restricted to normal loading.

16. The displacements ux and uθ are not independent but re-
lated by Airy’s stress function.

3. NATURAL FREQUENCY
To determine the modal density and mode count, an expres-

sion for natural frequency needs to be available. As no closed
form expression for natural frequency of composite cylindri-
cal shell considering transverse shear deformation has been
reported, derivation of the same is first carried out. Solu-
tion to differential equations for free vibration with simply
supported boundary conditions along the curved edges of the
cylinder lead to the required expression for natural frequency.
The boundary conditions are ur(0, θ, t) = ur(L, θ, t) = 0,
M(0, θ, t) = M(L, θ, t) = 0. These boundary conditions are
satisfied by

ur(x, θ, t) = Umn sin
mπx

L
cosn(θ − δ)ejωt; (45)

Ø(x, θ, t) = Ømn sin
mπx

L
cosn(θ − δ)ejωt; (46)

for m half waves in the axial direction and n full waves in
the circumferential direction. The parameter δ represents an
arbitrary angle indicating that there is no preference in circum-
ferential direction.

Upon substitution of Eqs. (45) and (46) in the governing dif-
ferential equations we get∣∣∣∣M11 M12

M21 M22

∣∣∣∣×{UmnØmn

}
= 0; (47)

where
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(
mπ
L

)4
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(
mπ
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)2 (n
a

)2
+
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(
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a

)4−ρmω2− ρmω
2

N

(
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(
mπ
L

)2
+D22

(
n
a

)2)
;

M12 = −
{

1
a

(
mπ
L

)2
+ 1

aN

(
D11

(
mπ
L

)4
+D22

(
mπ
L

)2(n
a

)2)}
;

M21 =
A11A22−A2

12

a

(
mπ
L

)2
;

M22 = A11

(
mπ
L

)4
+A22

(
n
a

)4
+

A11A22−A2
12−2A12A66

A66

(
mπ
L

)2 (n
a

)2
.

Setting the determinant of the above matrix to zero gives the
expression for natural frequency as Eq. (48). Equation (48) is
the expression for natural frequency of orthotropic cylindrical
shells considering transverse shear deformation of first order.

If transverse shear effects are neglected, i.e. when N
tends to∞, the expression for the natural frequency becomes
Eq. (49), which is the same as that reported for thin composite
cylinders.11

To assess the influence of transverse shear on the natural fre-
quencies of typical honeycomb sandwich composite cylinder
used in spacecraft the natural modes are obtained considering
the transverse shear [Eq. (48)] as well as neglecting the trans-
verse shear [Eq. (49)]. The length of the cylinder is 3000 mm
and the mean radius is 600 mm.

Material properties of the sandwich cylinder are given be-
low.
Face sheet
Material: 2 layers of bidirectional CFRP.
Each layer has the following properties:

Young’s modulus = 1.47× 1011 N/m2

Shear modulus = 4× 109 N/m2

Poisson’s ratio = 0.03
Thickness = 0.08 mm
Density = 1660 kg/m3

Core
Material: Aluminium honey comb

Thickness = 12 mm
Density = 32 kg/m3

Shear modulus = 1.4× 108 N/m2

The cross-section of the cylinder has the following elastic
properties: A11 = 4.71 × 107 N/m, A22 = 4.71 × 107 N/m,
A12 = 1.41×106 N/m,A66 = 1.28×106 N/m,D11 = 1.74×
103 Nm, D22 = 1.74× 103 Nm, D12 = 52.2 Nm, and D66 =
47.3 Nm. Shear rigidity of the section is 17.25 × 105 N/m.
Mass per unit area of the cylinder is 0.92 kg/m2 (includes 2
face sheets, core and adhesive).

As the transverse shear effects are expected to be significant
for higher order modes the results are given in Table 1 for the
higher order modes. The results show the need for the inclu-
sion of transverse shear deformation even for these cylinders.

4. MODE COUNT AND MODAL DENSITY
Modal density is the average number of modes per unit fre-

quency. Modal density can be determined from the constant
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Table 1. Comparison of natural frequencies of a cylinder with and without
shear deformation.

m, n, Frequency Frequency
axial half circumferential neglecting considering

wave full wave shear shear
number number deformation (Hz) deformation (Hz)

9 2 1019 1002
10 3 1008 970
6 7 1018 941
7 7 1062 975
10 12 2944 2394
20 11 4004 3008
15 17 5967 4161
16 18 6700 4528
30 15 8420 5204
28 20 10144 5872

‘ω’ curve in the wave number plane. The number of modal
points enclosed by the curve gives the number of modes be-
low the frequency ω. The derivative of the expression for the
number of modes below the frequency ω, with respect to the
frequency gives modal density.

4.1. Expression for Mode Count
Mode count, denoted by N(ω), is the number of modes be-

low the frequency ω and it can be obtained from the ratio of
the area enclosed by the constant ω curve to the area that cor-
responds to one mode. Mathematically, mode count for two
dimensional surfaces in the wave domain can be written as

N(ω) =
A

π2

‹
dK1dK2;

where K1 and K2 are the wave numbers in the principal direc-
tions of the cylindrical shell surface and A corresponds to the
area of the cylinder.

N(ω) =
aL

π

π
2ˆ

0

r2dθ. (50)

By defining the wave numbers as K1 = mπ
L and K2 = n

a in
Eq. (48) and using a polar coordinate system in the wave space,
the expression for r2 can be obtained as

r4
f1

ρmω2
mn − f3

− r2f2
N
− 1 = 0; (51)

where f1, f2, and f3 are functions of θ (given below) repre-
senting the orthotropic elastic properties:

f1 = D11c
4 + 2(D12 + 2D66)c

2s2 +D22s
4;

f2 = D11c
2 +D22s

2;

f3 =
(A11A22−A2

12)c4

a2

A11c4+A22s4+
A11A22−A2

12−2A12A66
A66

c2s2
.

Solving for r2, we get

r2 =
ρmω

2
mn − f3
2f1

f2N ±
√(

f2
N

)2

+
4f1

ρmω2
mn − f3

.
(52)

Considering the positive root of r2 and using it in Eq. (50) and
changing ωmn to ω, we get the expression for the mode count
as

N(ω) =
aL

π

π
2ˆ

0

ρmω2−f3
2f1

f2N +

√(
f2
N

)2
+

4f1
ρmω2

mn−f3


dθ.
(53)

Equation (53) is the expression for mode count of sandwich
cylindrical shells considering transverse shear deformation.

4.2. Expression for Modal Density
Modal density, denoted by n(ω), is related to mode count by

the relation n(ω) = dN(ω)
dω . It is to be noted that modal density

as a function of frequency is expressed as n(f) = 2πn(ω).
Differentiating the expression for mode count given by

Eq. (53) with respect to ‘ω’, we get

n(ω) =
ρmωaL

Nπ

π
2ˆ

0


f2
f1

+

√(
f2
f1

)2
+
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−
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√(
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)2
+ 4N2

f1(ρmω2−f3)

dθ; (54)
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2Afρm
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π
2ˆ

0


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+
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dθ. (55)
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Table 2. Modal density using derived expression and finite element method.

Frequency Modal density
(Hz) Expression from Eq. (55) Finite element method
500 0.132 0.139
630 0.161 0.137
800 0.210 0.211

1000 0.263 0.272
1250 0.246 0.271
1600 0.261 0.270
2000 0.290 0.330
2500 0.332 0.377

Equation (55) gives the modal density for a composite cylin-
drical shell at frequency f , having a surface area ofA and con-
sidering the transverse shear deformation.

5. COMPARISON WITH THE RESULTS OF
FINITE ELEMENT METHOD

Modal densities for a typical honeycomb sandwich cylinder
with composite face sheets are obtained using the expression
derived and they are compared with those obtained using the
finite element method. The length of the cylinder considered
is 2260 mm, mean radius is 452 mm, which results in a surface
area of 6.42 m2.

Material properties of the above sandwich cylinder are given
below.
Face sheet
Material: 4 layers (0/-35/0/35) of CFRP [1 layer of Bidirec-
tional CFRP + 3 layers of Unidirectional CFRP]

Thickness = 0.365 mm
Young’s modulus of Unidirectional lamina

= 2.15× 1011 N/m2 (along the fibre direction)
= 6.6× 109 N/m2 (along the transverse direction)

Shear modulus of Unidirectional lamina = 3.9× 109 N/m2

Major Poisson’s ratio = 0.23
Density = 1600 kg/m3

Properties of the Bidirectional lamina are the same as those de-
scribed in Section 3.
Core
Material: Aluminium honeycomb

Thickness = 12 mm
Shear modulus = 1.4× 108 N/m2

Density = 32 kg/m3

The cross-section of the cylinder has the following elastic
properties: A11 = 1.03 × 108 N/m, A22 = 0.363 × 108 N/m,
A12 = 0.186 × 108 N/m, A66 = 1.99 × 107 N/m, D11 =
3.95×103 Nm,D22 = 1.43×103 Nm,D12 = 0.705×103 Nm,
and D66 = 0.753 × 103 Nm. The other elastic properties are
D16 = 0.03×103 Nm, D26 = 0.015×103 Nm. Shear rigidity
of the section is 17.83 × 105 N/m. Mass per unit area of the
cylinder is 4.7 kg/m2 (includes 2 face sheets, core and adhe-
sive).

Modal densities computed using the expression given by
Eq. (55) are given in Table 2 and Fig. 2. Finite element
model is developed for the cylindrical geometry using 4-noded
quadrilateral element. It is a shell element with 5 degrees-
of-freedom for each node. The face sheets and the core to-
gether are considered as a laminate. The elements are assigned
with the properties of the laminate. The elastic properties of
the laminate are determined from the properties of each layer.
To represent transverse shear deformation, Mindlin’s theory is
used and the shear effects are included in the finite element
model in terms of shear correction factor.

Natural frequencies of the normal modes of this cylinder
are determined using NASTRAN solver. All the modes up to

Figure 2. Comparison of modal densities using expression from Eq. (55) and
finite element method.

3000 Hz are extracted. Modal density for each one third octave
band is then computed as the ratio of the number of modes in
that band to the bandwidth. The results are given in Fig. 2 and a
very good agreement is seen validating the expression derived.

6. EXPRESSION FOR MODAL DENSITY IN
SPECIAL CASES

Modal density of a composite cylindrical shell considering
transverse shear deformation can be obtained using Eq. (55).
It is essential to verify whether the derived expression under
limiting cases converges to the existing expressions. Also, the
expression can be in a simple form under certain conditions.
These are discussed here.

6.1. Negligible Transverse Shear
Deformations

When the transverse shear effects are negligible, expression
for modal density of sandwich cylinder should converge to that
of thin composite cylinders.11 This condition can be achieved
by taking N to∞. Taking N inside the braces of general ex-
pression, we get

n(f) = 2Afρm

π
2ˆ

0


 f2
Nf1

+

√(
f2
Nf1

)2
+

4

f1(ρmω2−f3)

−
2

f1(ρmω2 − f3)
√(

f2
Nf1

)2
+ 4

f1(ρmω2−f3)

dθ. (56)

As N tends to∞,

n(f) = 2Afρm

π
2ˆ

0

{(√
4

f1(ρmω2 − f3)

)
−

2

f1(ρmω2 − f3)
√

4
f1(ρmω2−f3)

}
dθ. (57)

On simplification

n(f) = 2Af
√
ρm

π
2ˆ

0

dθ
√
f1

√
ω2 − f3

ρm

. (58)

Upon substitution of f1 and f3, we get Eq. (59), which is
the same as the expression reported for modal density of thin
composite cylindrical shells.11 When the shear effects are ne-
glected, the expression for modal density derived here con-
verges to that of thin composite cylindrical shells.
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n(f) =
A

π

√
ρm

π
2ˆ

0

dθ{
1− c4(A11A22−A2

12)

4π2f2ρma2(A11c4+A22s4+
A11A22−A2

12−2A12A66
A66

c2s2)

} 1
2 {

D11c4 + 2(D12 + 2D66)c2s2 +D22s4
} 1

2

.

(59)

6.2. Isotropic Shells
For a cylinder with isotropic material, A11 = A22, D11 =

D22 = D. The functions of θ become
f1 = D11c

4 + 2(D12 + 2D66)c
2s2 +D22s

4 =
D(1− 2c2s2 + γc2s2);

f2 = D11c
2 +D22s

2 = D11 = D;
f3 = A11c

4(1−α2)

a2
{
1−2c2s2+ 1−α2−2αβ

β c2s2
} ;

where A12

A11
= α; A66

A11
= β; 2(D12+2D66)

D11
= γ. For an isotropic

cylinder, α = µ; β = 1−µ
2 ; γ = 2.

The product cos2 θ sin2 θ is approximately constant except
for values of θ near 0 and π/2. Since there is no preference for
a wave number component, in other words equal probability
of occurrence for the wave components, an average value of
cos2 θ sin2 θ is proposed to be used which is equal to 0.125.11

It should be noted that this approximation holds good as long
as β > 0.2 and for an isotropic cylinder β is 0.35. Mak-
ing use of this approximation we get f1 = D; f2 = D;
f3 = A11c

4(1−µ2)
a2 . Upon substitution of these functions the

expression for modal density becomes

n(f) =
2Afρm
N
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2ˆ

0


1+√√√√1+
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(60)

Defining f(θ) = D
(
ρmω

2 − A11c
4(1−µ2)
a2

)
, the above ex-

pression reduces to

n(f) =
2Afρm
N

π
2ˆ

0

{
1+

√
1+

4N2

f(θ)
− 2N2√(

f(θ)+4N2
)
f(θ)

}
dθ.

(61)
Equation (61) gives the expression for modal density of
isotropic cylinders considering transverse shear deformation.

It will be interesting to compare the results given by Eq. (61)
and those obtained by Wilkinson’s expression4 for a typical
sandwich cylinder with isotropic face sheets. The cylinder
considered has a length of 3000 mm, mean radius of 600 mm
resulting in an area of 11.3 m2. The honeycomb core has a
density of 32 kg/m3 and the thickness of the core is 12 mm.
The face sheet has a thickness of 0.3 mm made of Alu-
minium. Young’s modulus of Aluminium is considered as
7.2 × 1010 N/m2. The mass per unit area of the cylinder is
0.9151 kg/m2.

The modal densities of the cylinder whose properties are
given above are computed using Eq. (61) and compared with
the results obtained using the expression derived by Wilkin-
son4 in Fig. 3. The results show that the modal densities deter-

Figure 3. Modal densities of sandwich cylinders with isotropic face sheets.

mined using the expression derived here converges to those by
the Wilkinson’s expression when the cylinder is isotropic.

6.3. Modal Density at High Frequencies
At very high frequencies, the structural wavelengths are very

much lower compared to the circumference so that a cylinder
tends to behave like a flat plate.6 The expression at high fre-
quencies can be obtained by setting R to∞ as

n(f) =
2Afρm
N

π
2ˆ

0


f2
f1

+
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)2
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2N2

ρmω2f1
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)2
+ 4N2

ρmω2f1

dθ; (62)

where f1 = D11c
4 + 2(D12 + 2D66)c

2s2 +D22s
4;

f2 = D11c
2 +D22s

2.
It is interesting to compare the modal densities obtained us-

ing Eq. (62) with those using the expression for the composite
flat panels, considering transverse shear deformation, reported
by Renji18 which is given as Eq. (63)

n(f) =
2abρf

N

π
2ˆ

0

{
f2
f1

+
1

f1

(
ρ2ω4f22 +

4ρω2N2

√
D11D22

)− 1
2

(
ρω2f22 +

2N2f1√
D11D22

)}
dθ; (63)

where f1 = 1− γ21 sin2 2θ with γ21 = 1
2

{
1− D12+2D66√

D11D22

}
;

f2 =
(
D11

D22

) 1
4

c2 +
(
D22

D11

) 1
4

s2.

It should be noted that the two equations are similar in na-
ture. The forms, in which the wave numbers (K1 and K2) and
the functions of θ (f1 and f2) are defined, are different in both
the expressions. In the case of shells, wave numbers are de-
fined as K1 = r cos θ; K2 = r sin θ, whereas they are defined
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Table 3. Modal densities of a honeycomb sandwich composite cylinder.

Frequency Modal density (modes/Hz)
(Hz) With transverse shear Without transverse shear
500 0.132 0.139
630 0.161 0.137
800 0.210 0.211

1000 0.263 0.272
1250 0.246 0.271
1600 0.261 0.270
2000 0.290 0.330
2500 0.332 0.377
3150 0.390 0.147
4000 0.473 0.144
5000 0.575 0.145
6300 0.712 0.145
8000 0.895 0.145

as D
1
4
11K1 = r cos θ; D

1
4
22K2 = r sin θ for plates. As an exam-

ple, both the expressions give a modal density of 0.5 modes/Hz
at 10000 Hz for the cylinder described in Section 3.

6.4. Modal Density for Cylinders Having
Equal Properties in Both the Directions

For cylinders having equal properties in the two material-
property directions, i.e., A11 = A22, D11 = D22, the expres-
sion for modal density can be written in a simple form as

n(f) =
2Afρm
N

π
2ˆ

0


f2
f1

+

√(
f2
f1

)2
+

4N2

f1(ρmω2−f3)

−
2N2

f1(ρmω2 − f3)
√(

f2
f1

)2
+ 4N2

f1(ρmω2−f3)

dθ. (64)

The functions of θ become
f1 = D11(1− 2c2s2 + γc2s2);
f2 = D11;
f3 = A11c

4(1−α2)

a2
{
1−2c2s2+ 1−α2−2αβ

β c2s2
} ;

with A12

A11
= α; A66

A11
= β; 2(D12+2D66)

D11
= γ.

7. INFLUENCE OF TRANSVERSE SHEAR
DEFORMATION AND ORTHOTROPY

7.1. Transverse Shear
To understand the effect of the transverse shear deformation,

modal densities are obtained (in one-third octave bands) for
a honeycomb sandwich composite cylinder, whose properties
are given in Section 5, and the results are presented in Table 3
and Fig. 4.

Modal density of a thin cylinder increases with frequency,
reaches a maximum and then converges to the modal density of
flat plates. The transverse shear deformation increases modal
density. The influence is negligible at low frequencies but very
significant at high frequencies. At high frequencies due to the
presence of transverse shear deformation modal densities in-
crease with frequency whereas it remains constant if the trans-
verse shear deformation is neglected. Figure 4 clearly indicates
that in the absence of the present expression, modal density
calculated by neglecting transverse shear can result in signifi-
cant error at higher frequencies.

Modal densities, as a function of frequency, for different val-
ues of N are shown in Fig. 5. Results show that modal density

Figure 4. Modal densities of honeycomb sandwich composite cylinder.

Figure 5. Effect of transverse shear flexibility on modal density of composite
cylinder.

increases sharply with increase in shear flexibility and the ef-
fect is larger at high frequencies. When the shear rigidity is
very high the modal densities of the cylinder are identical to
those of thin cylinder.

7.2. Orthotropic Nature of the Cylinder
Modal density is also influenced by the in-plane shear prop-

erty, apart from other factors, which is represented by the pa-
rameters β and γ. As both the parameters have similar effects
on the modal density, results for various values of γ only are
presented.

A typical cylinder whose properties are same in both the di-
rections, given in Section 3, is considered. Modal densities for
various values of γ are shown in Fig. 6. The results show that
the parameter γ has a significant role and it has similar influ-
ence at all frequencies. Modal densities increase with decrease
in the values of γ. In other words, modal densities increase
with decrease in in-plane shear modulus and Poisson’s ratio.
For an isotropic material γ = 2 and it is equal to 0.17 for the
cylinder considered.

7.3. Use of Expression for Isotropic
Cylinders

In the absence of the expression derived in this work one
could use the available expression reported in the literature
which is for isotropic materials. The term D11 of the given
cylinder can be equated to D of the equivalent isotropic cylin-
der and the thickness can be worked out. Wilkinson’s expres-
sion4 can now be used to obtain the modal densities. The cylin-
der whose details are given in Section 3 is considered. The
isotropic cylinder is a honeycomb sandwich cylinder with the
same core as the given cylinder but face sheets made of Alu-
minium alloy having Young’s modulus 7.2 × 1010 N/m2. The
thickness of the face sheet of the isotropic cylinder is 0.3 mm.
The results are given in Fig. 7.
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Figure 6. Effect of in-plane shear stiffness on the modal density.

Figure 7. Modal densities estimated using expression for isotropic cylinders.

The results show that the estimated modal densities are very
much lower if isotropic models are used signifying the need
for the expression derived here.

8. CONCLUSIONS
Expressions for estimating the natural frequency, mode

count and modal density of composite cylindrical shells in-
corporating transverse shear deformation are derived. Modal
densities of typical cylinders of spacecraft are obtained. The
results are in accordance with the number of modes determined
using the finite element method. Transverse shear deformation
increases modal density and the impact is very significant at
higher frequencies. Effect of the orthotropic nature of the face
sheets is to increase the modal density further but its impact is
present at all frequencies. It is shown that in the absence of the
expression derived here the modal densities computed will be
in significant error.
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