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Material damping treatments, such as adding viscoelastic layers (VEL) to engineered structures, are commonly
used for vibration attenuation. Study of the VEL geometry, shape, location (in case of partially adding), and
arrangement (in composites), are of engineering interest to optimize the damping effect versus the weight and cost.
In order to show the possibility of higher damping characteristics for shorter VEL, this paper aims for a two-step
vibration analysis of an elastic cantilever beam with an unconstrained partial VEL. The governing equations are
developed based on Euler-Bernoulli beam theory and Kelvin-Voigt viscoelastic model. In order to answer how
the VEL length and thickness affect the modal parameters and dynamic response, both free and forced vibration
problems are solved analytically, and the results are manipulated to achieve a much more applicable size range with
higher damping characteristic. A non-uniform trend and inconsistent behaviour in both frequency and amplitude
changes is observed versus increasing the VEL length, which addresses the necessity of an optimization challenge
and gives a good insight to take into account the concept of VEL critical length.

NOMENCLATURE

Ee, Ev Elastic and viscoelastic Young‘s Modulus.
H Frequency response Function (FRF).
Ie, Iv Elastic and viscoelastic moment of inertia.
ke, kev Elastic and composite (elastic-viscoelastic)

bending stiffness.
K(x) Complex bending stiffness function.
Ke, Kev Elastic and composite (elastic-viscoelastic)

complex bending stiffness.
le Length of the elastic beam.
me, mv Elastic and viscoelastic mass.
p Distributed force.
p0 Magnitude of harmonic excitation.
q Time dependent variable.
r Curvature radius.
W Spatial or time independent variable.
w Transverse displacement in z direction.
xv Length of the viscoelastic layer.
Γ Modal participation factor.
Ω Excitation frequency.
ε Strain.
φ Phase angle.
η Viscoelastic loss factor.
θ Argument of the complex bending stiffness.
λ1, λ2 Roots of characteristic equation.
ρ Mass density.
σ Stress.
ω Natural frequency.
ω0(x) Stiffness to mass function.
ωe, ωev Elastic and composite(elastic-viscoelastic)

stiffness to mass ratio.
ψ Quotient of the excitation frequency

to the function of stiffness to mass.
ξ Damping ratio.

ACRONYMS
ACLD Active constrained layer damping.
FEM Finite element method.
FRF Frequency response function.
PCLD Passive constrained layer damping.
VDM Viscoelastic damping material.
VEL Viscoelastic layer.

1. INTRODUCTION

Material damping is one of the most inexpensive, achiev-
able, safe, and efficient ways to mitigate the vibration of
structures, especially in aircrafts, rotating machines, vehicles,
and so on. Seeking the modal parameters, i.e., natural fre-
quency, mode shape, and damping ratio, is reckoned as a main
analysing object and priority issue to assess the structural prop-
erties. On the other hand, a study on the dynamic response for
various types of excitation such as transient, harmonic, and
random plays a significant role to deal with real case of load-
ings, so that can be deemed as an essential step and mandatory
procedure of structural design. In recent years, utilizing VEL
(e.g., glass type composites, polyurethane foams, polymers,
rubbers, etc.) on account of dissipating abilities are widespread
to access the vibration attenuation and absorbing the impact
loads. At first glance, the principal mission aims to reduce
acoustic noise in walls, dissipation in massive structures, such
as towers accompanied by some friction and hysteresis effects,
or foundation of rotary machines.1 Viscoelastic (VE) materi-
als, similar to the discrete viscous dampers, have an inherent
dissipation factor which can implicitly change by time, tem-
perature, and elastic properties.2, 3 Based on the VE properties
mentioned above, some of the laminates are basically com-
posed of elastic and VELs to improve the strength and damp-
ing properties simultaneously. Therefore, one may take into
account the optimization of the geometry and location of the
VEL added to the elastic host structures. Moreover, plenty of
structures which can be considered as beam structures with a
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clamped edge, (e.g., aircraft wing, tower crane jib, power line
pile) may be exposed to long-term oscillation, while there is
no possibility of attaching the VEL over the entire span of the
beam. Hence, this justifies the idea of utilizing partial VEL in
this type of structure.

In this article, of those conditions mentioned above, the ef-
fects of the length and thickness of attached VEL on free and
forced vibrations of cantilever beam is investigated, to eval-
uate whether adding a larger unconstrained VEL improves
the beam‘s damping characteristics or not. The word ”un-
constrained” accentuates taking advantage of bending effects
rather than shear deformation of the VEL as a core between
two elastic layers (constrains) and is very common in the liter-
ature.

During the past few decades, a lot of research has been car-
ried out on dynamic analysis of structures with added VEL,
and several numerical and experimental approaches have been
developed. Zhou et al.38 reviewed various research methods
and the theory calculation models that are employed in engi-
neering to study the static and dynamic vibration character-
istics of viscoelastic damping materials (VDM). Rearranging
and optimizing the VELs within sandwich panels or compos-
ites is one of the interesting subjects which has been marked by
some researchers.3, 4, 10–14 Some researchers have been focused
on achieving higher energy dissipation, tuning, and vibration
control for various compressional, bending, and sheer3–7 load-
ing cases, by means of analytical, numerical,8–18 and exper-
imental10, 19–22 methods. Vibration of structures considering
VE damping effects under stochastic excitation have been sur-
veyed in literature.23–25 Some authors have regarded either ma-
terial or geometrical nonlinearities in the presence of VELs or
VE dampers.12, 25, 26

Of the early studies on vibration of VE composites, is Ker-
win’s3 investigation for an elastic laminate with VE core using
both theoretical and experimental method. Douglas and Yang4

investigated the effect of compressional damping in vibration
of sandwich cantilevers composed of two elastic constraints
bounding a VE core. Ardafio5 suggested a model containing a
set of distributed VE hung cantilevers under a mass-spring sys-
tem. Yamaguchi6 studied vibration of elastic beams with two
built in edges, connected to a hung VE beam from mid span by
a spring-damper. Inman7 employed the method of separation
of variables and used the kernel relaxation function to analyse a
single VE beam. The laplace transformation process, based on
orthogonality assumptions, was introduced afterwards to ex-
press the coupling between equations due to damping.

Adhikari8 proposed an approach for the model-order re-
duction of linear multiple degree of freedom VE systems via
equivalent second order systems. Karim and Chen9 investi-
gated the effects of surface damping between VELs and a sim-
ply supported elastic beam. Considering nonlinearities due
to the tension, the transverse vibration of VE sandwich beam
was studied by Haiwei et al.12 Lázaro et al.14 surveyed vi-
bration of VE structures with proportional damping assump-
tions and extracted complex eigenvalues by utilizing the fixed
point iteration method. Lázaro and Pérez15 studied the dy-
namics of frame structures with VEL and utilized fractional
derivative to express constitutive relations. Eigenvalues were
extracted and frequency response plotted for the cases with,
and without, VEL. Eigenvalues of an Euler-Bernoulli beam
supported by VE solids was studied by Cha et al.16 and their

sensitivities were approximated by using Taylor series expan-
sion. Hu and Wang17 investigated dynamics of viscoelasti-
cally damped structures by eliminating higher modes in fre-
quency response, considered contribution of the lower modes,
and the first two terms of the Neumann expansion of the un-
available modes. An iterative method, by means of normal
modes, was used18 to calculate harmonic response of VE struc-
tures. Seismic behaviour and vibrational tests of steel frame
structures with added VE dampers were experimentally in-
vestigated by Chang,19 Won Min,20 Bilbao,21 and their co-
workers. Avcar30 and Saploğlu31 studied free vibration of steel
beams with different boundary conditions and various geomet-
rical characteristics, using Newton-Raphson and artificial neu-
ral network techniques. Effects of shear rotary inertia and non-
homogenous Young’s modulus on natural frequencies of sim-
ply supported beam was also investigated by Avcar.32 An ana-
lytical model of the transient time response of an impacted can-
tilever beam with partial constrained layer damping (PCLD)
was developed by Granger and Ross,33 and the effects of PCLD
parameters on the initial transient response was studied. Fol-
lowing the recent work and case study, Blais et al.34 studied
the suppression of non-causal effects, due to time aliasing, oc-
curring when continuous frequency spectra are discretized.

Kumar and Singh35 examined the effect of parametric vari-
ation of active constrained layer damping (ACLD) on the vi-
bration control of the beams. Optimum active or passive con-
strained layer damping (ACLD/PCLD) patches was placed by
means of closed and open loop FEM model. El Hachemi et
al.,36 proposed an intuitive computational multi-scale homog-
enization procedure and tool for the estimation of the effec-
tive static and mechanical properties of complex viscoelastic
composite material and structures. The proposed solution con-
sisted of numerically computing the complex effective prop-
erties (storage and loss moduli) as a function of frequency.
Høgsberg37 investigated the free vibration characteristics of
structures with viscoelastic treatment by the complex-valued
natural frequencies, and modified the assumed single mode by
a correction term representing the influence of residual vibra-
tion modes.

The present work, investigates the effect of the VEL geo-
metric parameters on the damping characteristic of a cantilever
beam in free and forced vibration. Modal parameters of the
structure, as well as harmonic resonant response, are studied to
explain their behaviour over the changes of VEL parameters.
The geometry of the problem is divided into two segments of
composite elastic-VEL. The governing differential equations
of motion are determined based on Euler-Bernoulli beam the-
ory for composite elastic-VE segment, and then by applying a
singular step function, it is generalized for all the domain, both
the composite and elastic parts.

In Section 2.1, a separation of variable technique is used to
solve the Eigen problem and to extract the modal parameters.
To verify and compare the analytical natural frequencies and
modes, and also to find an acceptable size of the structure in
which Euler beam assumptions (analytical solution) are valid,
an FEM simulation (3D) is also carried out by means of com-
mercial software.

In Section 2.2, a harmonic analysis is exploited by assuming
a harmonic excitation at the tip of the structure to obtain the
response and comparing for various size of VEL length and
thickness.
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Figure 1. Schematic of the host structure, partial VEL and cross sections.

In Section 3, results are presented and discussed as tables
and diagrams of natural frequencies, FRFs, phase angle, and
effect of variation of VEL dimensions on damping character-
istics. Finally, the summary is expressed and the results are
concluded in Section 4.

2. GOVERNING EQUATIONS

As shown in Fig. (1), the geometry of the problem in which
a partial unconstrained VEL is attached to an elastic cantilever
beam (as the host or base structure), and loaded by a concen-
trated force at the free edge.

The elastic beam and the VEL attachment are assumed to be
thin, so that the Euler-Bernoulli beam theory can be used. It is
assumed that the elastic beam and VEL are completely tight-
ened together therefore, there is no contact between them and
shear forces, and delamination effects are neglected. No struc-
tural damping is considered except VEL loss effects. Consid-
ering the Kelvin-Voigt model for VEL,27 the stress-strain rela-
tionship can be expressed by the following relation:

σ = Eε+ ηEdε/dt; (1)

where σ and ε are the stress and strain, E is the Young modu-
lus, and η is the damping coefficient. In the case of bending of
the VE beam, Hooke’s law states

σx = E∗vεx; (2)

where E∗v denotes the complex modulus of VE material as:

E∗v = Ev

(
1 + η

∂

∂t

)
; (3)

Using the force and moment equilibrium equations, and strain-
curvature relation, one can express the general equation of mo-
tion along the structure by:(

EeIe + EvIv 〈xv − x〉0
) d4w

dx4
+(

ηEvIv 〈xv − x〉0
) d4w

dtdx3
+(

me +mv 〈xv − x〉0
) d2w

dt2
= p(x, t); (4)

where w represents the transverse deflection and subscript
indices ”v” and ”e” denote VEL and elastic properties, respec-
tively. M and I are mass per unit length and moment of iner-
tia, and p is the distributed load. The operator < xv − x >0

is a step function, the value of which switches between 0 for
xv < x ≤ le and 1 for 0 < x ≤ xv , whereby the distribution
of VE bending stiffness over the longitudinal direction can be
piece-wisely figured.

2.1. Free Vibration
Solution of Eq. (4) in the absence of external loads results in

an eigenvalue problem and the extraction of natural frequen-
cies and mode shapes. Applying the method of separation of
variables (i.e., w(x, t) = W (x) · T (t)) to Eq. (4), one can ob-
tain the following two differential equations:

d2q

dt2
+ 2ζω

dq

dt
+ ω2q = 0; (5)

d4W

dx4
−
(

ω

ω0(x)

)2

W = 0; (6)

where ω is the natural frequency, and ζ and ω0 are the damp-
ing ratio and stiffness to the mass (inertia) ratio, respectively.
Dividing the domain into elastic and composite (elastic-VEL)
parts, the solution of Eq. (8), can be written as:

W|0<x≤xv = Wev = C11 cosλ1x+ C12 sinλ1x

+C13 coshλ1x+ C14 sinhλ1x; (7a)

W|xv<x≤le = We = C21 cosλ2x+ C22 sinλ2x

+C23 coshλ2x+ C24 sinhλ2x; (7b)

where subscript ’ev’ and ’e’ stand for elastic-VE and elastic
parts, respectively, λ1 and λ2 are the roots of the characteristic
equation of Eq. (6) which correspond to ω0 of each segment.
Cij are the coefficients that can be determined using boundary
condition. In order to find these coefficients, one should apply
the four boundary conditions of the cantilever beam as:

Wev|x=0
=
dWev

dx |x=0
=
d2We

dx2 |x=le
=
d3We

dx3 |x=le
= 0.

(8)
Besides, four continuity conditions are necessary to apply in
transition region of jointing elastic to composite segment as
(x = xv):

Wev = We; (9a)

dWev

dx
=
dWe

dx
; (9b)

kev
d2Wev

dx2
= ke

d2We

dx2
; (9c)

kev
d3Wev

dx3
= ke

d3We

dx3
; (9d)

where ke and kev denote the elastic and composite bending
stiffness, respectively. Expressing Eq. (6) in terms of Eq. (7),
and applying the conditions in Eqs. (8) and (9), leads to an
algebraic set of equations shown by Eq. (10).

The determinant of the left-hand side matrix in the recent
relation, must be zero for the existence of the non-trivial so-
lution, which leads to a characteristic equation in terms of ω.
In fact, all the components of matrix are known by the natu-
ral frequency ω. (i.e., each component is a trigonometric and
hyperbolic functions of ω). Hence, it is sufficient to enter the
so-called known inputs and use an arbitrary determinant tech-
nique to obtain characteristic equation in terms of ω, and then
finding zeros or intersections, with the x direction vector. In
the present work, simple programming has been carried out in
Maple-13 to obtain characteristic equation and zeros.
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

1 0 1 0
0 1 0 1

cosλ1xv sinλ1xv coshλ1xv sinhλ1xv
−λ1 sinλ1xv λ1 cosλ1xv λ1 sinhλ1xv λ1 coshλ1xv
−kevλ2

1 cosλ1xv −kevλ2
1 sinλ1xv kevλ

2
1 coshλ1xv kevλ

2
1 sinhλ1xv

kevλ
3
1 sinλ1xv −kevλ3

1 cosλ1xv kevλ
3
1 sinhλ1xv kevλ

3
1 coshλ1xv

0 0 0 0
0 0 0 0

· · ·

· · ·

0 0 0 0
0 0 0 0

− cosλ2xv − sinλ2xv − coshλ2xv − sinhλ2xv
λ2 sinλ2xv −λ2 cosλ2xv −λ2 sinhλ2xv −λ2 coshλ2xv
keλ

2
2 cosλ2xv keλ

2
2 sinλ2xv −keλ2

2 coshλ2xv −keλ2
2 sinhλ2xv

−keλ3
2λ2 sinλ2xv keλ

3
2 cosλ2xv −keλ3

2 sinhλ2xv −keλ3
2 coshλ2xv

−ke cosλ2le −ke sinλ2le ke coshλ2le ke sinhλ2le
ke sinλ2le −ke cosλ2le ke sinhλ2le ke coshλ2le





C11

C12

C13

C14

C21

C22

C23

C24


= 0; (10)

2.2. Forced Vibration

Considering harmonic force p0e
jΩt at the tip of cantilever

and dividing response to two segments (e.g., composite and
only elastic region), one can take the response as the following
form:39

w(x, t) = W (x,Ω)ej(Ωt−φ) =
(
Wev(0 < x < xv,Ω)

+We(xv < x < le,Ω)
)
ej(Ωt−φ); (11)

where Ω denotes excitation frequency, φ is the phase differ-
ence due to damping (ineffective in computations), W is the
response amplitude in terms of frequency and position, and j
denotes imaginary part. Applying the above solution to Eq. (4),
results in the following equation:

−
(
me +mv 〈xv − x〉0

)
Ω2W + (EeIe + EvIv 〈xv − x〉

+jΩηEvIv 〈xv − x〉0
)
W,xxxx = 0.

(12)

It must be noted that the external force acts as the bound-
ary load. Solution of the recent equation can be obtained by
defining complex roots λ as:

λn = 4
√
ψ4ejθ = ψej(

2nπ+θ
4 ), n = 0, 1, 2, 3; (13)

where ψ can be defined by

ψ4(x) = Ω2/
|K(x)|
m(x)

; (14)

where K is complex bending stiffness with argument θ (see
Ref.39). Assuming complex roots of Eq. (12), and no structural
damping in the elastic segment, leads θ to be zero in this region
and the solution can be expressed by the following complex

form:

Wev = a1 cos

(
ψev sin

(
θ

4

)
x

)
cosh

(
ψev cos

(
θ

4

)
x

)
+a2 cos

(
ψev cos

(
θ

4

)
x

)
sinh

(
ψev sin

(
θ

4

)
x

)
+a3 sin

(
ψev sin

(
θ

4

)
x

)
sinh

(
ψev cos

(
θ

4

)
x

)
+a4 sin

(
ψev cos

(
θ

4

)
x

)
cosh

(
ψev sin

(
θ

4

)
x

)
;

(15a)

We = a5 cosψex+ a6 sinψex+ a7 coshψex+ a8 sinhψex;
(15b)

where ψe and ψev correspond to the elastic and composite seg-
ments in Eq. (14), respectively. In a similar manner to the pre-
vious section, after applying the boundary and continuity con-
ditions, constants a1 to a8 can be obtained from the following
algebraic set of equations, presented in Eq. (16), where p0 is
the magnitude of concentrated harmonic load at the tip of elas-
tic beam, Kev and Ke are complex and real bending stiffness
corresponding to the composite and elastic segments, respec-
tively. Rest of the symbols are defined by:

c = cos; (17a)

s = sin; (17b)

ch = cosh; (17c)

sh = sinh; (17d)

c = ψev cos

(
θ

4

)
; (17e)

s = ψev sin

(
θ

4

)
. (17f)

Solving the above complex system results in the frequency
response function (FRF) and phase of the structure.
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

c(sx)ch(cx)|x=0 c(cx)sh(sx)|x=0 s(sx)sh(cx)|x=0 s(cx)ch(sx)|x=0 · · ·
d
dx (c(sx)ch(cx))|x=0 · · ·
c(sx)ch(cx)|x=xv · · ·

d
dx (c(sx)ch(cx))|x=xv

· · ·
|Kev|e−jθ d2

dx2 (c(sx)ch(cx))|x=xv
· · ·

|Kev|e−jθ d3

dx3 (c(sx)ch(cx))|x=xv
· · ·

0 · · ·
0 · · ·

· · ·

0 · · · 0 0
0 · · · 0 0

−ch(ψex)|x=xv −c(ψex)|x=xv −sh(ψex)|x=xv −s(ψex)|x=xv

− d
dx (ch(ψex))|x=xv

· · ·
−|Ke| d

2

dx2 (ch(ψex))|x=xv
· · ·

−|Ke| d
3

dx3 (ch(ψex))|x=xv
· · ·

|Ke| d
2

dx2 (ch(ψex))|x=le
· · ·

|Ke| d
3

dx3 (ch(ψex))|x=le
· · ·





a1

a2

a3

a4

a5

a6

a7

a8


=



0
0
0
0
0
0
0
−p0


; (16)

Table 1. Natural frequencies for different VEL length and thickness (te = 0.04 m, le = 2 m).

Error % FEM Analytical Frequency (Hz)
Dimensions (m)3rd 2nd 1st 3rd 2nd 1st 3rd 2nd 1st

0.13 0.03 0.04 153.55 56.24 9.23 153.75 56.22 9.23 tv = 0.01
0.43 0.38 0.56 161.67 59.42 9.74 162.37 59.65 9.79 tv = 0.02 xv = 0.25
1.24 1.18 1.30 172.25 62.77 10.18 174.39 63.51 10.31 tv = 0.04
1.84 1.66 1.61 177.34 64.18 10.35 180.60 65.25 10.52 tv = 0.06
0.21 0.19 0.03 152.65 57.22 10.15 152.98 57.11 10.15 tv = 0.01
0.37 0.03 0.43 160.11 62.94 11.46 160.70 62.92 11.51 tv = 0.02 xv = 0.5
0.56 0.63 1.34 177.53 72.87 12.88 178.53 73.30 13.05 tv = 0.04
1.04 1.4 1.84 196.81 79.30 13.51 198.85 80.41 13.76 tv = 0.06
0.27 0.09 0.25 162.73 58.21 11.26 163.18 58.26 11.23 tv = 0.01
0.71 0.46 0.07 179.73 62.51 14.21 181.00 62.80 14.22 tv = 0.02 xv = 1
1.96 0.76 0.86 203.77 69.56 19.52 207.76 70.09 19.68 tv = 0.04
3.01 0.73 1.72 215.35 77.61 23.55 221.83 78.18 23.96 tv = 0.06
0.79 0.05 0.33 172.5 65.87 11.20 171.13 65.91 11.16 tv = 0.01
1.08 0.59 0.13 192.98 79.07 14.22 195.06 79.53 14.20 tv = 0.02 xv = 1.5
7.77 2.06 0.037 221.65 101.4 20.54 238.85 103.48 20.53 tv = 0.04
3.15 3.74 0.14 247.91 116.83 27.06 255.73 121.2 27.10 tv = 0.06

3. RESULTS AND DISCUSSIONS

To verify the analytical formulations presented in previ-
ous section, several numerical case studies were examined.
The analytical solution was carried out using MAPLE soft-
ware, and compared with the finite element results using
commercial software. An aluminium cantilever beam having
40 mm× 40 mm cross section and 2000 mm length, is consid-
ered. The beam has a Young‘s modulus of 70 Gpa, Poisson‘s
ratio of 0.33 and density of 2700 kg/m3. The VEL material
is made of G-11/Glass (see Ref.28, 29) with modulus of elas-
ticity, density, and poison‘s ratio of 181 Gpa, 1500 kg/m3 and
0.3, respectively. It has the same cross sectional area as the
aluminium beam with a variable length. The finite element
model consisted of 100 solid elements for the beam and an-
other 100 solid elements for the attached VEL. The analyti-
cal and FEM solutions has been carried out by Maple-13 and
ANSYS-APDL12, respectively. The corresponding first three
natural frequencies of the beam with attached VEL are pre-
sented in Table 1, for some particular characteristics and ge-
ometries. As seen from the table, the results obtained by the
analytical method are in very good agreement with those ob-
tained by FEM.

Figure 2. Variation of the first natural frequency versus the VEL size for
te = 0.04 m, le = 2 m.

The analytical and FEM results are also presented in Fig. (2),
with different length and thickness ratios. Since the struc-
ture has been modelled using 3-D solid elements, increasing
the VEL thickness, causes some discrepancies compared to 1-
D analytical results. Based on finite strip (wide beam) and
shear deformation (thick beam) theories, restrictions of appli-
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cable size for which the exact solution is valid can be appropri-
ated for the length and thickness of VELs with errors less than
1 percent.

As demonstrated in Fig. (2), there is an acceptable alignment
in two diagrams for relatively long and thin partial VEL. Com-
parisons of the first three mode shapes between FEM and the
analytical solutions are shown in Fig. (3). Only the transverse
modes of the 3D modelling in ANSYS are considered here.
The results illustrated in Fig. (4) point out the frequency ratio
diagram versus the VEL size variation. Hence, increasing the
VEL length up to the half of the elastic beam span, causes an
increase in fundamental frequency (dashed line) where beyond
this region it starts to decrease. Since the fundamental fre-
quency of a cantilever beam is proportional to the inverse of the
square length, a frequency decline is expected due to increas-
ing the length. But, in the discussed structure (elastic-VEL
composite), fundamental frequency growing due to length in-
creasing (for a length ratio less than 0.6) is related to the con-
tribution of VEL and the amount of its participation to the re-
sponse. On the other hand, the effect of increasing the total
thickness of a structure (composite segment) is dominant in
comparison with increasing the VEL length. This is more ob-
servable in higher thickness ratios, as shown in the diagram.
The diagram for the second mode (dashed-point line) is clus-
tered to one valley and two peaks on both sides, and maximum
frequency occurs almost at the quarter and three quarters of
length ratios.

In general, adding partial VEL to an elastic beam, causes
an increase in the thickness and length of the composite seg-
ment; the former will result an increase in natural frequen-
cies, while the latter will cause the reduction of natural fre-
quencies. Therefore, it is either a thickness or length increase
that dictates how the frequency must change, so that reconcil-
iation makes maximum frequency for length ratio about 0.6,
and for any arbitrary geometrical size of the elastic part and
VEL thickness, where shown in Fig. (4) and Fig. (5). Accord-
ing to the stiffness to mass ratios ωev , ωe, corresponding to the
elastic and composite segments respectively, one can consider
this as a scale or evaluation criterion of natural frequencies in
structures, so that multiplying each by participation factors:

Γev =

 xv∫
0

W IV
ev

Wev
dx

 1
2

; (18a)

Γe =

 le∫
xv

W IV
e

We
dx


1
2

; (18b)

results in exactly the natural frequencies (i.e., ω =
(Γevωev)|x=xv/le = (Γeωe)|x=xv/le ). Increasing the length
ratio causes a decrease in ωev and an increase ωe, respectively,
and that is the corresponding participation factor which speci-
fies quantity of the natural frequency as a function of geometry.
As a result, for the length ratio about 0.6, this is the aforesaid
factor which determines destiny of the maximum frequency in
this region.

The magnitude of FRF at the tip of the structure is shown
in Fig. (6), for various loss factors. In higher frequency range,
utilizing VEL even with a poor loss factor, makes a significant

decrease in the response amplitude. For the first resonant fre-
quency of 14.22 Hz and a loss factor of η = 0.047, damping
ratio equals to the critical value of ζ = 1 and therefore, for fre-
quencies or loss factors a bit more than these, over damping
occurs.

Impedance phase angles concerning the first three modes
are presented in Fig. (7). As seen from the figure, there is
a 2π difference between responses with higher and less than
first resonant mode. The figure also shows that, the next 2π
phase differences do not occur exactly at the 2nd and 3rd reso-
nant modes (e.g., 62.80 Hz and 181.00 Hz), because, as men-
tioned, the critical damping appears for the cases with lower
loss factors. However, varying the dimension of the VEL
makes no instrumental sense to compare and evaluate the re-
sults to deduct which size of VEL represents higher damping
performance. Hence, it will be helpful utilizing the FRF peak
at resonant mode of each size (rather than expressing in terms
of frequency) and then comparing to each other.

Figure (8), shows the variation of the ratio of the FRF peak at
the first resonant modeH(ω1), to static levelH(0), for various
length ratios at several thickness ratios.

For any VEL size, minimum ratio happens when the length
ratio is rising to about 0.6; i.e., for VEL with a length about half
(or a little more than half) of the size of the elastic beam. The
diagrams for various thicknesses in this region (xv/le < 0.6)
are descending and, in spite of intersecting each other at some
particular length ratios, totally increasing the thickness has a
positive effect in vibration amplitude reduction.

As a matter of fact, a thicker structure naturally has a lower
transverse deflection, therefore, intersections can be depicted
such that the static response or denominator of the ratio, is al-
ways descending versus increasing the thickness or length ra-
tio. On the other hand, although the numerator (first resonant
response) decreases as the length ratio increases, for the length
ratio less than 0.6, the static stiffness has a dominant effect on
decaying the amplitude than the dynamic damping. Thus, the
numerator does not decrease as much as the denominator in
this region. Nevertheless, it does not mean the smaller thick-
ness of VEL is better in decaying the resonant amplitude.

Contrarily, for a length ratio more than about half
(xv/le > 0.6), meaning longer VEL up to the elastic length,
the amplitude begins to increase and there is no intersection
for various thicknesses in this region. It simply means using
a larger VEL does not necessarily guarantee a further ampli-
tude decay, though, it contributes to decrease the total static
deflection and the strength of structure.

4. CONCLUSIONS

The modal parameters of an elastic beam with a partial
unconstrained VEL were analytically obtained based on the
Kelvin-Voigt VEL model and the Euler-Bernoulli beam the-
ory. Applicable size and dimension range for which analytical
solutions and assumptions have been valid, were detected by
comparing to the FEM results.

An irregular variation was observed in natural frequencies
versus VEL size. It was shown that the natural frequencies are
proportional to the stiffness to mass ratio, as well as the partic-
ipation factor related to the contribution of the VEL length in
mode shapes.
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Figure 3. The first three transverse mode shapes, tv = 0.02 m, xv = 1 m, Left: FEM, Right: Analytical.

Figure 4. Variation of the frequency ratio versus the length for various thick-
ness ratios.

The fundamental frequency increases via enlarging the VEL
to about 60 percent of the elastic beam span, whereas by
lengthening more than this, the frequency gradually begins to
decrease. As a result, adding a larger VEL does not necessarily
increase the fundamental frequency.

Moreover, frequency response, phase angle, and first res-
onant FRF ratio, were analytically extracted. It was demon-
strated that the amplitude of the structure response always de-
creases by increasing the loss factor as well as VEL thickness.
The first resonant peak meets its minimum for VEL length of
about 0.6 of the elastic beam span, whereas for longer VEL,
it shows a growing amplitude because of the higher participa-
tion of longer VEL in this region, where decreases the natural
frequency and damping ratio.

Figure 5. Variation of stiffness to mass ratio and participation factor versus
the VEL size.

Figure 6. The response amplitude at the tip of the beam for various loss factors
and tv = 0.02 m, xv = 1 m.
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Figure 7. The response phase at the tip of the beam for various loss factors
and tv = 0.02 m, xv = 1 m.

Figure 8. Variation of the ratio of FRF peak to static level H(0) versus the
VEL size.
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