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In this work, we consider the problem of magneto-thermoelastic interactions in a functionally graded material
(FGM) under dual-phase-lag model in the presence of thermal shock. The generalized thermoelasticity theory
with one relaxation time has been employed. The material is assumed to be elastic and functionally graded (FGM)
(i.e. material with spatially varying properties). The basic equations have been written in the form of a vector-
matrix differential equation in the Laplace transform domain, which is then solved by an eigenvalue approach.
Numerical inversion of the transforms is carried out using the Stehfest method. Further, graphs have been drawn to
show the effect of the nonhomogeneity parameter, magnetic field, and dual-phase-lag parameters on displacement,

temperature, stress, and strain.

1. INTRODUCTION

Functionally graded materials (FGMs) are types of non-
homogeneous materials in which the composition changes
gradually with a corresponding change in the properties.
FGMs are usually designed to be used under high-temperature
environments. Thermal shock loading conditions may be in-
volved with high thermal stresses when sudden heating or cool-
ing takes place. As a result, thermal fracture problems can oc-
cur. Therefore, it is significant to analyse the transient ther-
mal fracture behaviour of FGMs. The generalized theories
of thermoelasticity, which admit the finite speed of thermal
signal, have been the centre of interest of active researchers
during the last three decades. Biot' established the coupled
thermoelastic theory to overcome the first shortcoming in the
classical uncoupled theory of thermoelasticity where it pre-
dicts two phenomena not compatible with physical observa-
tions. The first of such modelling is the extended thermoe-
lasticity theory (LS) of Lord and Shulman,?> who established
the generalized thermoelasticity with one relaxation time by
postulating a new law of heat conduction to replace the clas-
sical Fourier law. Green and Lindsay® proposed the temper-
ature rate dependent thermoelasticity (GL) theory with two
relaxation times. The theory was extended for anisotropic
body by Dhaliwal and Sherief* Tzou® proposed the dual-
phase-lag (DPL) model, which describes the interactions be-
tween phonons and electrons on microscopic level as retard-
ing sources causing a delayed response on the macroscopic
scale. The physical meaning and the applicability of the DPL

model have been supported by the experimental results.® Re-
cently, in context of the generalized dual-phase-lag thermoe-
lasticity theory, Abouelregal et al’® solved many problems in
the context of dual-phase-lag model. The uniqueness and re-
ciprocal theorems are proved without the use of Laplace trans-
forms for the dual-phase-lag thermoelasticity theory by El-
Karamany and Ezzat.'? Functionally graded materials (FGMs)
are types of non-homogeneous materials that have excellent
thermo-mechanical properties to withstand high temperature
and also have extensive applications to important structures,
such as chemicals plants, pressure vessels, nuclear reactors,
aerospace, etc. Das and Kanoria'! investigated the generalized
thermoelastic interaction in a functionally graded solid with a
periodically varying heat source. Many researchers have stud-
ied the effects of magnetic field by applying the above theories
of generalized thermoelasticity using different methods.'*?°
Zenkour and Abbas®® used Green-Naghdi’s theory to study
the effect of magnetic field on a fibre-reinforced anisotropic
half-space with a thermal shock. Abbas?! studied the frac-
tional order generalized magneto-thermoelastic medium sub-
jected to a moving heat source using the eigenvalue approach.
Abbas and Zenkour®? investigated the analyses of finite el-
ement in magnetothermoelastic interaction in an infinite FG
cylinder. Othman et al*® used the normal mode method to in-
vestigate the initial stress and gravitational effect on the gen-
eralized magneto-thermo-microstretch elastic solid for differ-
ent theories. Lotfy and Othman®* studied the effect of mag-
netic field for a mode-I crack on a two-dimensional problem of
a fibre-reinforced material in the generalized thermoelasticity.
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Ezzat et al®® investigated the fractional ultrafast laser-induced

magneto-thermoelastic behaviour in perfect conducting metal
films.

In the current paper, we have applied the eigenvalue ap-
proach which was developed in a previous study®® to solve
a problem of dual-phase-lag model on generalized magneto-
thermoelastic interaction in a functionally graded material in
the presence of thermal shock. Laplace transforms techniques
with eigenvalue approach are used to get the general solution
for any set of boundary conditions. Inversion of Laplace trans-
forms is obtained numerically, and the variables in physical
space-time domain have been shown graphically. Numerical
results indicate the effects of magnetic field, non-homogeneity,
and dual-phase-lag parameters on all the physical quantities.

2. BASIC EQUATION

The basic equations of dual-phase-lag thermoelastic model
for a FGM in the absence of heat sources and the presence of
body forces F are considered as that in previous work.! The
equation of motion is

- 821,61‘
P

oij + Fi ey

The equation of heat conduction is

0
1 — | (KT;) . =
( + T 315) ( s )71
0 75 0 . ,
<1 + Tqa + m?q 8t2> (pceT + ’yToe) . 2
The constitutive equations are given by

Oij = 2M6ij + P\e — (T — To)] (Sij; 3)

where e = e;;, 4, = x,9, 2.
Three cases arise:

i) Classical dynamical coupled theory (CT)
T =T = m =0,

ii) Lord and Shulman’s theory (LS)
Tq=7>0, r=m =0,

iii) Dual phase model (DPL)
0<7mr <7g, m=1,

where p is the density of the medium; «; is the coefficient
of linear thermal expansion; A, p are the Lame’s constants;
t is the time; Ty is the reference temperature; c. is the spe-
cific heat at constant strain; K is the thermal conductivity; T’
is the temperature; 7r and 7, denote the finite times required
for thermal equilibrium to be obtained and for effective col-
lisions to take place between the electrons and the phonons,
respectively. Tzou called the delay time 7 as the phase-lag
(PL) of the temperature gradient and the other delay time 7, as
the PL of the heat flux; 7 is the relaxation time; d;; is the Kro-
necker symbol; o;; are the components of stress tensor; and u;
are the components of displacement vector. Let us consider a
functionally graded isotropic thermoelastic body at a uniform

reference temperature 7 of a perfect electrical conductivity
permeated by an initial magnetic field Hy = (0, Hp,0). Due
to the effect of this magnetic field there arises in the conduct-
ing medium an induced magnetic field h and induced electric
field E. Also, there arises a force F (The Lorentz Force). The
Maxwell’s equations (in the absence of the displacement, cur-
rent and charge density) is given by

0B

curlH=J, cuwrlE = ——
ot

, divB =0, B=u‘H; (4)
where J is the current density vector, B is the magnetic induc-
tance vector, and 4 is the magnetic permeability. The above
equations are supplemented by Ohm’s law and Lorentz force
for perfect conducting medium?’

E:—/ﬁa—uxH, F=JxB. (5)
ot

Thus, we replace \, u, v, K, pu¢, and p by A\, f(X), pof(X),
Yol (X), Kof (X). ugf(X). and pof(X) where f(X) is the
non-dimensional function of the space variable X = (x,y, z)
and Ao, Lo, Yo, Ko, 1S, and p, are assumed to be constants.
Then the Egs. (1) to (3) take the following forms

SO 2oty + Mot = 2T =To)] 53]+

)

F(X) {2%@1‘]‘ + [Aoe — 'Yo(T_Toﬂéij} + F; =

pof (X) 5mr: 6)

9 2 62 .
(1 + Ty + m7_2qat?> (pof (X)eeT +70f (X)Toé); ()

Oij = f(X) |:2,u06ij + [)\06 - (T—To)] (SZJ:| . (8)

3. FORMULATION OF THE PROBLEM

We consider the problem of a thermoelastic half-space (z >
0) where the x-axis is taken perpendicular to the bounding
plane of the half-space pointing inwards. We shall consider
a one-dimensional disturbance of the medium, so that the dis-
placement vector u and the temperatures field 7' can be ex-
pressed in the following forms:

u = (u(z,t),0,0), T = T(x,t). 9)
Then, from the Eqgs. (4) and (5) we observe that Lorentz force
has only one component F, in the x-direction

=l

09z (10)

We assumed that the properties of material depend only on z,
i.e., we take f(X) as f(x). So, in the theory of the generalized
thermoelasticity based on dual-phase-lag model, the governing
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equations of the perfect conductor can be written as

0%u aT
f(fE) |:<>‘0 + 2:“’0 + :u‘oHO) 83)2 - ’Yoax:| +

of (x)
ox

2

ou 0°u
{(Ao+2uo)axwo } pol (@)
B 2T 9f(x) B
Q+W&>O@Mﬂ+ e w)
0 72 9? T d%u
fa )(1+Tqat+m28t2)<o cer +VoToga ) (12)

Ozz = f() [(Ao + 2%)% - %(TTO)} .

(1)

13)

We define the following dimensionless quantities (2, u’) =

c r . T-=T / _ 02 / _

;(x,u), T = 7T0°, (t,Tq,TT) = (t Tq,TT) Um =
Oxx 2 o +2/Lo

T . Here ¢ = and y =

the above quantities in Eqs (11)—(13), and after suppressing
the primes, we obtain

f(w)%; (14)

(1em) (115 + 257 5) -
f(x)<1+¢q§t 72 g;)(%? +s£281;>; (15)
720 = 100 (Gt - 7). a6

2 e
where 8 = /\OT%}’MO, €= poce , Ry = %4, and cy :Ho,/‘;—j

is the Alfven wave velocity of the medium.

4. EXPONENTIAL VARIATION OF
NON-HOMOGENEITY

We consider f(z) = e™*, where n is a non-dimensional
parameter. So, Eqs. (14), (15), and (16) take the forms

82u ou 0%u
(1+RH) ﬁ*-ﬁ- (M_ﬂT) 5‘1527 17
1+ 4 82 + 8£ =
ot )\ o2 "0z ) ~
8 7' 0? 8 82u
Ua::r:e (au_ﬁ ) (19)

5. APPLICATION

We assume the initial conditions of the problem to be taken
as

We consider the problem of a thick plate of finite high h. We
choose the z-axis perpendicular to the surface of the plate with
the origin coinciding with the lower plate. The lower plate is
traction free and is subjected to a thermal shock, and the upper
plate, which is also traction free, is kept at zero temperature:

00 (0,1) = 0 T(0,t) = TyH(1);
Oau(h,t) = 0; T(h,t) = 0;

21
(22)

where H (t) denotes the Heaviside unit step function.

6. GOVERNING EQUATIONS IN THE
LAPLACE TRANSFORM DOMAIN

Applying the Laplace transform for Eqs. (17)—(22) defined

by the formula
B] = / F(#)e—tdt.
0

Hence, we obtain the following system of differential equa-
tions

f(s) = (23)

d*u dT du
(1—|—RH)@—§—+ (d—ﬁT> 2w (24)
d’T dr
(1—|—TTS)<d 5 +n dx)
2
s+qu +mqu3 T—&—E@ ; (25)
2 d
Oxx = e’ (du - /8T>7 (26)
dx
F0a(0,5) = 0; T,s)= 1. @7
s
Guz(h,s) = 0; T(h,s) =0; (28)

The vector-matrix differential equation of Egs. (24) and (25)

can be written as follows3¢38:39
av o
aw AV (29)
dx
o 0 1 O
- AT
WhereV:[ﬂT%u?T and A — 0 0 0 1 ,
T X a31 a32 433 34

0 a4z a43 aqs

2
. _ _s _ _nB _ _—n _ B
with ag; = TRy 932 = TxRy 983 = TRy 9834 = TRy
1+srq+ms2%'r§
Qa2 = S—q35.; > Q43 = E€Q42, Qgq = —N.

7. SOLUTION OF THE VECTOR-MATRIX
DIFFERENTIAL EQUATION

Let us now proceed to solve Eq. (29) by the eigenvalue ap-
proach proposed by.*® The characteristic equation of the ma-
trix A takes the form

ou(x,0 8%u(x,0
u(z,0) = (8t ) = 8(t2 ) =0 az1a42 + (a33042 — A32043+031044) N +
2 3 4
9T (x,0) aQT(m70) (a33044 —a31 — Q42 —a34a43) A" — (azz+as4) A + A" = 0.
T(z,0) = o = 92 =0. (20) (30)
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The roots of the characteristic Eq. (30) which are also the
eigenvalues of matrix A are of the form A = A\, A = Ag,
A = A3, A = A4 The eigenvector X = (71,22, 23, 24] 7,
corresponding to eigenvalue )\ can be calculated as:

Ty = —azi + (A — asz)\;

Ty = )\1‘2.

T1 = as1 + aza\;

T3 = A11; (3D

From Eq. (30), we can easily calculate the eigenvector X j» COI-
responding to eigenvalue \;, j = 1,2, 3,4. For further refer-
ence, we shall use the following notations:

X, = [X Ja=xa;
X1 = [X]ron,-

[(X]aen
[)?]Azhs;

X, =
X3 = (32)

The solution of Eq. (29) can be written as follows:

4
V4 v A
= Z Bij@
j=1
BlfleAlz + Bg)?g@Awﬁ + Bg)?ge)\sx + B4)?4€>\4x; (33)

where By, B>, B3, and B, are constants to be determined from
the boundary conditions of the problem. Thus, the field for the
variables x and s can be written as:

4
s) = Z Bjxheti®; (34)
j=1
4 .
T(z,s) = Z Bz} eN®; (35
j=1
4 . .
Trx(x,8) = Z (Njzd — 5mi)Bje()‘j+”)“'. (36)
j=1

To complete the solution we have to know the constants B,
Bs, Bs, and By. By using the boundary conditions Egs. (27)
and (28) we obtain

-1

B Ri1 Ri2 Ris Ru 0
By| _ |Ra1 Rz Ryz Ry 0 37)
B; R31 R3z Rsz Raa Ly
By Ry Ry Ruz Ry 0
where
Ri1 = Mz — By, Ris = \oxj — Bai,
Riz = \373 — B, Riy = Mz — B,
Ry = (Mg — Bay)e™”,  Roy = (A3 — Bf)e™”,
Ro3 = (>\3$3 - ﬁ$4)6/\3h7 Roy = (M43 — Bifi)e/\4h,
R31 =y, Rsy = 27,
Rs3 = a3, R3y = 1,
R4 = xlehh Rys = xzeAzh
R43 = :1?36/\3h R44 = 1‘36)\4h.

In the time domain ¢ and space x, for the final solution of

displacement, temperature, and stress and strain distributions
we adopt a numerical inversion method based on the Stehfest

methoj.‘“’ In this method, the inverse f(¢) of the Laplace trans-
form f(s) is approximated by the relation

N
In2 —(1n2
t) = — il —i s 38
)= ;V f( . z) (38)
where V; is given by the following equation:
N
rnln 7 ( )(2k)
Vi = . (39
Z k)UE! (i—k)! (2k—1)! %)

The parameter [V is the number of terms used in the summation
in Eq. (36) and should be optimized by trial and error. Increas-
ing N, increases the accuracy of the result up to a point, and
then the accuracy declines because of increasing round-off er-
rors. An optimal choice of 10 < N < 14 has been reported by
Lee et al. for some problem of their interest.*! Thus, the solu-
tions of all variables in physical space-time domain are given

by
u(z,t) = IHTQ XN: Vi“(% 1nt21>’ (40)
i=1
T(x,t) = lnTZ f: V%T<»T7 hlf@) 41)
i=1
Oz, t) = g ﬁ: ViGsa <x, hlfz) . (42)
i=1

8. NUMERICAL RESULTS AND DISCUSSION

In the present work, the generalized thermoelasticity theory
under dual-phase-lag model is analysed by considering a cop-
per material. The material parameters are given as follows'?
Ao = 7.76 x 1010 kgm’lsfz, o = 3.86 X 1010 kgmflsfz,
To = 293K, K, = 3.68 x 10> kgmK~'s73, ¢, = 3.831 x
102 m?K s 2, Ty =1, h =3, o = 178 x 1076 K1,
po = 8.954 x 103 kgm=3,¢ = 0.5, 7, = 0.15, 77 = 0.1.

The temperature, displacement, and stress and strain distri-
bution are represented graphically. Numerical calculation is
carried out for two groups. The first group is investigating how
the non-dimensional temperature, displacement, and stress and
strain vary with different values of the non-homogeneity pa-
rameter n under dual-phase-lag model with the magnetic field.
The second group is investigating how the non-dimensional
temperature, displacement, and stress and strain vary under the
coupled theory CT at 77 = 7, = m = 0 and dual-phase-lag
model DPL at 7 = 0.1, 7, = 0.15, m = 1 with and without
magnetic field. From Figs. 1-8, it is observed that the temper-
ature starts with its maximum value at the origin and decreases
until zero is attained beyond a wave front for the generalized
theory, which agrees with the boundary conditions. The dis-
placement takes negative values and gradually increases until
it attains a peak value at a particular location in close proxim-
ity to the lower surface of the plate and then diminishes rapidly
with increasing distance. The variation of stress with respect to
distance always starts from the zero value and terminates at the
zero value to obey the boundary conditions. The strain starts
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with its maximum positive value and decreases slowly with the
increase of the distance x until it attains a peak negative value
and then increases until zero is attained.

9.

This

CONCLUSIONS

article investigates the generalized magneto-

thermoelastic interaction in a functionally graded material
under dual-phase-lag model in the presence of a thermal

shock.

The material properties under consideration are

assumed to vary exponentially with distance. The analysis of
the results permits some concluding remarks:

e The significant effects of non-homogeneity parameter are
noticed on all quantities.

e By increase of non-homogeneity parameter , as FGM ma-
terial becomes softer, all variable quantities are reduced.

e The presence of a magnetic field has a significant effect
on the solution of the displacement, stress, and strain.

e The phase lags effect plays a significant role on all distri-
butions.

e The difference between coupled theory (CT) and dual-
phase-lag (DPL) model is very clear.
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