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Turbulent Coanda wall jets are present in a multitude of applications.1 Their obvious advantages for flow deflec-
tion are often outweighed by disadvantages related to the increased noise levels associated with such jets. Better
predictions of Coanda jet noise would allow the Coanda effect to be more widely applied, and its potential to be
fully realized. This paper applies the method of characteristics to a steady two-dimensional axisymmetric super-
sonic flow in order to determine the location of the first shock cell downstream of the nozzle. This phenomenon
has previously been found to be particularly important in determining both the OASPL and peak frequency of the
broadband high-frequency Shock-Associated Noise (BBSAN) emitted by a given jet configuration.10, 20 The cur-
rent work has also illuminated the relationship between cell location and flow characteristics, and thus the effect
of jet operating conditions on BBSAN can now be determined.11 The relationship between cell location and jet
breakaway is also under investigation. Predictions are compared with experimental results obtained using flow
visualization techniques. This work is in the process of being extended so that the Rankine-Hugoniot conditions
can be used to predict the shock cell structure (and thus the BBSAN) along the entire jet.22

NOMENCLATURE

C+ Characteristic moving towards Coanda surface
C− Characteristic moving away from Coanda surface
a Speed of sound (m/s)
(x, y) Cartesian coordinates of point of interest
(u, v) Velocity components at point of interest (x, y)

along the x and y-axes respectively (m/s)
θ Angle streamline makes with x-axis
α Mach angle
λ+ Slope of characteristic moving towards Coanda

surface
λ− Slope of characteristic moving away from Coanda

surface
δ Dirac delta function. δ = 1: axisymmetric flow,

δ = 0: planar 2D flow
γ Ratio of specific heat capacities
Rc Radius of circular part of flare (m)
Rf Radius of interior stem of flare (m)
h Exit slot (mm)
y0 y-value assigned at lip (m)
pe Nozzle exit pressure (psig)
pa Ambient (atmospheric) pressure (psig)
po Reservoir pressure (psig)
Me Exit Mach number
Ujx Jet exit velocity (m/s)

1. INTRODUCTION

1.1. The Coanda Effect

The Coanda effect, discovered early in the twentieth century
by Romanian mathematician and scientist Henri Coanda, is the
phenomenon whereby ‘. . . when a jet is passed over a curved
surface it bends to follow the surface, entraining large amounts
of air as it does so. . . ’.1–3 Consider a fluid element exiting a
nozzle adjacent to a curved surface. The radial equilibrium of
the element leads to the development of a pressure field which
forces the fluid against the surface, and this effect is reinforced
by the slightly enhanced viscous drag which is experienced by
the jet on its wall side as it exits the nozzle, and which also
tends to deflect it towards the wall. Subsequently, this pressure
field will continue to force the jet towards the surface. An ad-
ditional viscous effect, namely the entrainment of the ambient
fluid between the jet and the surface, may also help to move
the jet towards the wall. The effect breaks down under certain
operating conditions, at which point jet breakaway occurs. A
hysteresis effect is subsequently observed. The Coanda effect
is noticed in the natural world (with both positive and negative
consequences) and is frequently invoked in aeronautics, mar-
itime technology and industrial engineering.1 The substantial
flow deflection offered by the Coanda principle is generally
accompanied by enhanced levels of turbulence and increased
entrainment. A direct consequence of these effects is often
a significant escalation in the associated noise levels, and it
is posited that this disadvantage has prevented its application
from becoming more widespread in recent years.4 Clearly, bet-
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ter understanding of the noise emission characteristics of tur-
bulent Coanda jets will facilitate improvements in prediction
and attenuation of such noise.

1.2. Principal Noise Sources Associated
with Turbulent Coanda Wall Jets

The jet under consideration here is assumed to issue at high
velocity (200–500 m/s) from an annular exit slot. Immediately
upon exit it is adjacent to a solid three-dimensional Coanda
surface. More detailed information concerning the geometry
of interest is shown in Fig. 1. Although this representation is
that of a Coanda flare of the type used in the petroleum indus-
try5, 6 (an example of which is shown in operation in Fig. 2),
the experimental methods and models developed herein can
easily be applied to other types of three-dimensional Coanda
jet flows.

Although Coanda jets emit both low- and high-frequency
noise, it is the latter that is generally the most destructive, irri-
tating and also the easiest to attenuate. Both broadband noise
and discrete tones are emitted, although the appearance of the
tones is rather sporadic. Thus, the focus of the current work
is on the broadband high-frequency noise. There are two prin-
cipal sources of such noise in Coanda jets; turbulent mixing
noise (TMN) and shock-associated noise (SAN). A compre-
hensive investigation of TMN associated with these jets has al-
ready been undertaken.7–9 The other principal high frequency
acoustic source commonly observed in such flows is SAN,
and this paper presents the results of a preliminary investiga-
tion into the SAN generated by the mixing layer of a three-
dimensional turbulent jet flowing adjacent to a solid Coanda
surface.

As mentioned previously, configurations such as that shown
in Fig. 1 emit both low- and high-frequency noise. It is the lat-
ter that is of greatest interest, since it is both the most annoying
to the human ear, and the easiest to attenuate. This paper will
focus on SAN.

1.3. Shock Associated Noise (SAN)

It is well known that, in contrast to subsonic jets, condi-
tions at a downstream point in a supersonic jet cannot affect
those upstream.10 In this way, discontinuities in flow proper-
ties can arise. Depending upon the relative pressure difference
between the nozzle exit pressure (pe) and the ambient pressure
(pa) a shock cell structure is formed in the jet plume close to
the jet exit slot. The interaction between this structure and the
large-scale coherent turbulence in the jet shear layer generates
the high-frequency sound known as SAN. This phenomenon
has been studied in great detail for free jets.11–15 It has previ-
ously been noted that turbulent Coanda wall jets display at least
some similar characteristics to their two-dimensional counter-
parts, and thus in order to facilitate a preliminary investigation
into the nature and behavior of SAN in Coanda flows, this sim-
plifying assumption will be made.7 However, when the flow
is three-dimensional, complicating factors such as radial ex-
pansion and streamline curvature are present, and should be
accounted for in future models.

Figure 1. The flow field and combustion zone of a Coanda flare.

2. SHOCK WAVES IN COANDA FLOWS

The flow under consideration in the current work is that as-
sociated with a turbulent Coanda flare of the type shown in
Fig. 1. Green has shown that one-dimensional flow theory can
be used to describe the flow through a convergent-divergent
nozzle of the kind present in the Coanda flare.10 Thus, the jet
emerging from the exit slot is supersonic for almost all operat-
ing pressures, and shock waves are formed in the vicinity of the
nozzle exit. The exact location of these shock waves depends
upon the relative magnitudes of the pressure in the reservoir
supplying the nozzle, p0, and the pressure of the medium into
which the jet flows, known as the ambient or back pressure,
pa. Assuming that flow in the divergence is isentropic, the jet
pressure at exit, pe, is given by

pe = p0

[
1 +

(
γ − 1

2

)
M2

e )

] −γ
γ−1

; (1)

where p0 is the pressure in the reservoir supplying the nozzle, γ
is the ratio of specific heats and Me is the exit Mach number.10

If the pressure at the nozzle exit, pe, equals the ambient pres-
sure, i.e. pe = pa, then the jet is said to be correctly expanded.
In this case, the jet is parallel-sided with a uniform Mach num-
ber throughout, and is free of shock waves. In general, Coanda
flare jets are rarely perfectly-expanded in practice, but are typ-
ically either under- or over-expanded, and an adjustment of
the exit pressure via compression (condensation) or expansion
(rarefaction) waves will occur. This leads to the formation of
a shock cell structure within the mixing layer region of the jet.
See Fig. 1.

Consider, for example, an under-expanded jet. In this case,
pe > pa and a fan of expansion waves (waves such that the

200 International Journal of Acoustics and Vibration, Vol. 21, No. 2, 2016



C. P. Lubert, et al.: AN INVESTIGATION OF INITIAL SHOCK CELL FORMATION IN TURBULENT COANDA WALL JETS

Figure 2. An operating Coanda flare.

pressure and density of a base flow decrease on crossing them)
will be generated at the lip of the nozzle exit slot. On inter-
acting with a free jet boundary, the expansion waves cause the
boundary to be displaced outwards, and this effect can be seen
in Fig. 3. The expansion waves will reflect as either expan-
sion or compression waves as they interact with a boundary. In
order to preserve constant pressure at the jet boundary, the in-
cident and reflected waves will be of opposite kinds and so an
expansion wave reflects as a compression wave (pressure and
density increase on crossing it) and vice versa. However, when
a wave reflects from a solid surface such as the flare-tip, zero
normal velocity must be preserved at the wall, and so an expan-
sion wavefront will be reflected as an expansion wavefront, for
example.

The coalescence of several compression waves forms a
shock wave, which reflects as a shock wave from the solid
flare tip surface and then reflects at the jet boundary as an
expansion wave. The pattern of expansion waves, compres-
sion waves, and shock waves repeats itself periodically and
the quasi-periodic constituents of this pattern, known as shock
cells, are shown schematically in Fig. 1. Typically a series of
6–10 shock cells will form in the jet exhaust. Figure 3 shows
the flow structure typically observed in the mixing layer region
of the jet. Shock cells are clearly seen as light and dark lines
in the figure. Turbulent eddies convected downstream within
the mixing layer region of the jet cause these shocks to be de-
formed. This distortion of the shock front propagates away
as the broadband, but strongly peaked sound waves known as
SAN. This acoustic phenomenon has several interesting as-
pects. Firstly, there is a strong directivity associated with the
SAN emitted by moving sound waves. It has been observed

Figure 3. Typical flow structure in Coanda flare mixing layer. Slot width,
h = 3.05 mm, operating pressure = 45 psig.

that a turbulent eddy can successively interact with several
shock waves, generating multiple sound sources (one resulting
from each interaction).11 Additionally, a feedback cycle is of-
ten present, leading to the generation of discrete, harmonically
related tones known as screech tones.

The Coanda flare being studied is convergent-divergent and
supersonic under most operating conditions. It is well known
that the flow just downstream of the jet exit slot is responsi-
ble for most of the flare noise generation and that most of the
SAN is produced in this region.10 Thus in order to fully com-
prehend this high-frequency acoustic emission, it is very im-
portant to understand the behaviour of the flow in the initial
region near the nozzle exit. Green has previously shown that
one-dimensional flow theory and the method of characteristics
can be used to describe flow through this nozzle, at least until
the first shock is formed.7, 10, 17, 18 The method of characteris-
tics has previously been applied19, 20 to the inviscid core of a
supersonic jet (following the method of Dash et al.21 whereby
the outer shear layer and surface boundary layer are ignored).
In this case, the aim of modelling the jet structure (particularly,
first shock cell location) was so that jet breakaway could be
better predicted.19, 20 Indeed, comparison of predictions with
experimental results for the location of the first shock cell (at
low blowing pressures and before any shock waves occur) is
good. Specifically, according to Gilchrist and Gregory-Smith,
‘The method of characteristics is shown to be adequate for cal-
culating the [shock cell structure in the] inviscid core of the
underexpanded [flat] jet’.20 In the current work, it is the loca-
tion of the first shock cell that is of interest, since ‘for high
speed jets, the shock cell structure close to the slot is very
important’.20 Note that in a curved jet, the rapid growth of
the outer shear layer (caused by streamline curvature) means
that the shock cell structure is shorter than in equivalent plane
jets.20

3. MATHEMATICAL DETERMINATION OF
INITIAL SHOCK CELL LOCATION

3.1. Theory: Method of Characteristics
For a steady two-dimensional irrotational flow, the govern-

ing equations are the speed of sound relationship, an equa-
tion expressing irrotationality and the Gas Dynamic equation.
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These form a system of two coupled quasi-linear nonhomoge-
neous partial differential equations (PDEs) of the first-order in
two independent variables, x and y. (Note that in this con-
text, ‘quasi-linear . . . of the first-order’ means that a PDE is
nonlinear in the dependent variables (u and v, the flow ve-
locity components) but linear in the first partial derivatives,
(ux, uy, vx, vy) of these dependent variables). These equations
govern both subsonic and supersonic flow. However, the coef-
ficients of the various derivatives are such that the mathemati-
cal type of the PDEs changes from elliptic when M < 1 (i.e.
subsonic flow) to hyperbolic for supersonic flow (M > 1).
For the two-dimensional supersonic turbulent Coanda flow un-
der consideration, these hyperbolic PDEs can be solved using
the Method of Characteristics (MOC). Such equations have
the property that they can be reduced to ordinary differential
equations (ODEs) known as compatibility equations, which
are valid along specific, related curves known as characteris-
tics. Physically, characteristics represent the path of propaga-
tion of a physical disturbance.

For a steady two-dimensional irrotational flow, it is well
known16 that the governing equations yield compatibility
equations(

u2± − a2±
)
du± +

[
2u±v± −

(
u2± − a2±

)
λ±
]
dv± −

a2±v±

y±
dx± = 0; (2)

which are valid along the C+ (where + denotes the direction
towards the flare tip surface) and C− (away from the flare tip)
characteristics described by

dy

dx±
= λ± = tan (θ± ∓ α±) ; (3)

where θ± is the angle that the flow streamline makes with the
x-axis, and α± is the Mach angle. Note the unusual sign con-
vention used in Eq. (5). This follows that used by Green in
which the x-axis is vertical and the y-axis is horizontal.10 In
the case of a supersonic flow, the characteristics are the Mach
lines of the flow. Since Eqs. (2) and (3) are non-linear, they
must be discretized and solved by numerical means. In the
present work, following Green, the Euler predictor-corrector
method is used.10

3.2. Numerical Solution: Euler Predictor-
Corrector Method

Numerical determination of the location of the shock cells
in a Coanda flare jet is based on a modified Euler predictor-
corrector finite difference method. This is an iterative algo-
rithm that proceeds in two steps. The prediction step calculates
a rough approximation of the desired quantities and the correc-
tor step then refines this initial approximation. At each point
(x, y) along the characteristics, the velocity components (u, v)
associated with that location (x, y) must be determined. In or-
der to do so, the region of interest must be divided into three
separate areas: interior points (which have both C+ and C−
characteristics), wall points (which have only C+ characteris-
tics) and jet boundary points (with only C− characteristics).

3.2.1. Interior Points

Equation (3) defines two characteristics passing through a
typical interior point, (x, y), in the flow field, and Eq. (2) spec-

Figure 4. Solution at an interior point by the Method of Characteristics.

ifies one relationship between the velocity components u and v
on each of the characteristics. In order to be able to find u and
v at a given point, (x, y), it is necessary to obtain two indepen-
dent relationships between u and v at that point. This can be
achieved by construction of a network such that two character-
istics intersect at a common point. For example, consider the
case shown in Fig. 4, where the velocity components (u, v) are
known at every point (x, y) along the curve, Γ. The locations
of points 1 and 2 are known, as are the velocity components
there. The solution at a new point, 4, is found by extending
the C+ characteristic from point 1 and the C− characteristic
from point 2. The location of point 4, (x4, y4) and the solu-
tion there, (u4, v4), are found by simultaneously solving the
characteristic and compatibility equations, respectively.

From Eq. (3), the characteristic equations can be rewritten
in terms of first-order finite difference equations as

y4 − y1 = λ+(x4 − x1); (4)

and
y4 − y2 = λ−(x4 − x2). (5)

λ+ and λ− are given by Eq. (3). Equations (4) and (5) can
thus be solved for the two unknowns to yield the new loca-
tion (x4, y4). Recall that the compatibility equation, Eq. (2), is
actually two equations. One is(

u2+ − a2+
)
du+ +

[
2u+v+ −

(
u2+ − a2+

)
λ+
]
dv+ −

a2+v+

y+
dx+ = 0; (6)

which is valid along the C+ characteristic, (moving towards
the flare surface) and the other comes from Fig. 4, which has 2
known initial values

u+ = u1, v+ = v1, y+ = y1. (7)

Substituting Eq. (7) into Eq. (6), together with the first order
finite difference approximation

dx+ = x4 − x1, du+ = u4 − u1, dv+ = v4 − v1; (8)

then Eq. (6) becomes a function of only two unknowns, u4 and
v4. Similarly for the C− characteristic (moving away from the
flare surface). Solving these two equations yields predicted
approximations to the location and velocity at a new point, 4,
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Figure 5. Notation used in MOC for wall points.

namely x4, y4, u4 and v4. These predictor values are then com-
bined with the initial values to obtain average values of the flow
properties using

y+ =
y1 + y4

2
, u+ =

u1 + u4
2

, v+ =
v1 + v4

2
; (9)

and

y− =
y2 + y4

2
, u− =

u2 + u4
2

, v− =
v2 + v4

2
. (10)

Note that x is not needed, since it is absent in the compatibility
equations. Average values of θ±, V±, a±, M±, α± and λ±
are then determined by substituting u± and v± from Eqs. (9)
and (10) into the previous equations. Substitution of the values
thus obtained into the characteristic Eqs. (4) and (5) yields the
corrected values, x4 and y4. Insertion of these average values,
together with the newly obtained corrected values (x4, y4) and
the first order finite difference approximations into the com-
patibility equations yields corrected values u4 and v4.

These correctors are then used with the initial values to re-
calculate the average values. Insertion of the new averages
yields new corrector values. For a given point (e.g. point 4)
the predictor-corrector method should be iterated in this way
until the required degree of convergence is reached. This is
typically when the difference between two successive sets of
corrector values is below a pre-specified tolerance level. Once
the flow characteristics for a given interior point are calculated,
the entire process is repeated for the next point along the same
characteristic in the direction from the nozzle lip to the flare
surface (C+ characteristics).

Once this entire characteristic is formed, the method returns
to the nozzle lip and the next C+ characteristic (fanning away
from the lip) and repeats the process. On completion of this
fan of characteristics, the method locates the points where each
of these characteristics meets the flare surface and, beginning
with the left-most point, moves away from that point down a
characteristic until it meets the jet boundary. The process is
repeated for all these C− characteristics until that fan is com-
pleted. The method then works from the ends of these C−
characteristics (located at the jet boundary) back towards the
flare surface, and continues in this way until the first shock
wave forms.

3.2.2. Wall Points

In the case of the flare boundary, there are no C− character-
istics since they would lie inside the flare surface (see Fig. 5),
and thus the characteristic equations are replaced by a single
equation

λ+ = tan(θ+ − α+). (11)

Figure 6. Notation used in MOC for jet boundary points.

Since θ+ and α+are known, λ+ can be determined from
Eq. (11).

The first order finite difference approximation given by
Eq. (4) can be combined with the equation of the Coanda sur-
face, for a given R, d and y0, namely

y4 =

√
R2 − (x4 −R− d)

2
+ y0; (12)

and solved to obtain x4 and y4. Along the wall, interest is in
u+ and v+ at the (now) known point (x4, y4). Since dy

dx

∣∣
wall

represents the slope of the Coanda surface at the known point
(x4, y4), then it is a known constant, k. Assuming that the flow
has to remain attached to the wall—that is, the velocity follows
the tangent to the wall—then

v4
u4

=
dy

dx

∣∣∣
wall

= k; (13)

or
v4 = k u4. (14)

Substitution into the relevant compatibility equation yields
the first approximation to the predictors (x4, y4) and (u4, v4).
The predictor-corrector method is then iterated as described
previously until the desired stopping criteria is reached.

3.2.3. Jet Boundary Points

For the jet boundary, there are no C+ characteristics (see
Fig. 6), so we have only

λ− = tan (θ− + α−) . (15)

Again, since θ− and α− are known, λ− can be determined
from Eq. (15). Now along the jet boundary

dy

dx

∣∣∣
jet

= λjet =
v0
u0

; (16)

where λjet is approximated numerically by the (constant) slope
of the secant line from the previous (known) point on the jet
boundary, 0, to the new point, 4, namely

λjet =
y4 − y0
x4 − x0

. (17)

Thus Eq. (17) relates the two unknowns x4 and y4. Also recall
from before that the first order finite difference approximation
at the jet boundary is given by Eq. (5), which can be rewritten
as

λ− =
y4 − y2
x4 − x2

. (18)

Equations (17) and (18) are two equations with two unknowns
(x4 and y4) and can be solved to find x4 and y4. Work is cur-
rently underway to determine the jet boundary empirically as a
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function of slot width, h, and operating pressure, p0. Once this
is known, instead of using Eq. (17) to approximate λjet numer-
ically using the slope of the secant line between points 0 and
4, the slope can be found analytically (as for the wall point).

Along a free pressure boundary, the total velocity is a func-
tion of the pressure, and since the pressure is atmospheric, the
total velocity, Vtotal is known.16 Thus

u4 = (V 2
total − v24)1/2 (19)

can be used together with the compatibility equation to deter-
mine u4 and v4. As previously, the predictor-corrector method
is repeated until the desired stopping criteria is reached.

The method is initialized at the nozzle exit with the number
of waves in the expansion fan, Ne, and the number of char-
acteristics in the exit plane, Nc. Wherever they intersect, the
location (x, y) of these Nc points and the velocity (u, v) at
each point is found. The method proceeds along the expansion
line towards the flare surface (or jet boundary, depending on
whether we are on a C+ or C− characteristic) to find the next
point. Once the flare surface is reached, the process is repeated
for the next expansion line. As soon as the pre-specified num-
ber of lines in the expansion fan (Ne) is reached, the method
proceeds along their reflections from the flare to the jet bound-
ary and repeats the process. Shock waves are formed where
these lines coalesce. The method is based on the assumption
that the flow in the expansion region is a simple wave. Fig-
ure 7 shows the shock cell structure predicted by the method
described above under the operating conditions p = 60 psig,
Ujx = 418 m/s, and h = 3.05 mm.

Note the free-jet boundary displacement in Fig. 7. This
agrees with the observed behaviour shown in Fig. 3 and de-
scribed in Section 2. Work is currently underway to use exper-
imental data to determine the equation of the flow boundary
as a function of jet operating conditions. Input of this more
accurate free-jet boundary (rather than the current assumption
of a constant jet width, which is clearly highly unrealistic) will
lead to an improved MOC model. Other methods of solving
the MOC numerically are currently being investigated, and the
associated results compared with those of the Euler predictor-
corrector method.

4. COMPARISON WITH EXPERIMENTAL
RESULTS

Experiments were conducted in a 5 m × 2.5 m × 2.5 m
anechoic chamber. The Coanda surface had the following di-
mensions: Rc = 18.056 mm, Rf = 9 mm. The jet exit veloci-
ties (Ujx) were between 200 m/s and 500 m/s, and the exit slot
(h) varied from 1.14 mm to 3.23 mm. All experiments were
carried out at ambient (room) temperature and pressure. Fig-
ure 3 shows the flow structure typically observed in the mixing
layer region of the jet. Shock cells are clearly seen in the figure,
and the interaction of large-scale coherent structures with these
shock cells produces both broadband (BBSAN) and discrete-
tone SAN, as shown in Fig. 8.

Figure 9 shows the predicted shock cell pattern superim-
posed on the previously described experimental results, for
Ujx = 467 m/s, and h = 3.05 mm. Other predictions ex-
hibit similar features. The arrows represent the (u, v) vectors
at each point predicted by the intersections of characteristics,

Figure 7. Predicted shock cell structure, p = 60 psig, Ujx = 418 m/s,
h = 3.05 mm.

Figure 8. Flare Spectrum (54 mm diameter, 2.39 mm slot width, operating
pressure 35 psig).

starting with the flow in the exit plane as well as the initial
expansion fan. Shock waves are formed at the coalescence of
these vectors, and both the dark regions on the flow visualiza-
tion figures, and the higher concentration of vectors (shown in
white) correspond to regions of higher pressure.

Comparison indicates that the preliminary model of SAN is
relatively accurate at predicting the location of the first shock
cell formation.24 Cells further from the exit slot are less well
predicted, and future work will focus on modifying this pre-
liminary model to include radial expansion and streamline cur-
vature, which is anticipated to improve these predictions.

For reasons described previously, a key characteristic of in-
terest is the location of the first shock cell and its dependence
on flow characteristics.10, 20, 24 BBSAN has previously been
shown to be independent of jet temperature.11 Figure 10 shows
how the location of the first shock appears relatively unaffected
by jet exit velocity, Ujx. Note that one of the reasons that it
is extremely difficult to discern a clear relationship between
shock cell behaviour and jet operating characteristics is the
presence of occasional, but highly disruptive, discrete tones in
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(a)

(b)

Figure 9. Comparison of experimental and theoretical results. (a) h =
2.82 mm; 30 psig (b) h = 3.23 mm; 35 psig.

Figure 10. Variation in location of first shock cell with Ujx.

some of the experimental data.11, 23–25 From Fig. 11 it appears
that the location of the first shock cell is invariant with slot
width. However, since the data are sparse, more experiments
are needed to confirm this assertion, especially since Powell24

asserts that the location of the first shock cell is proportional
to h.

As mentioned previously, typically 6–10 shock cells are
formed in the exhaust of the turbulent Coanda flare jet, with
shock cell spacing decreasing as we move away from the exit
nozzle. Since the spacings do not vary too much, typically an
average shock cell spacing, L, is used. Preliminary data on
the variation of shock cell length from cell-to-cell (for the first

Figure 11. Variation in location of first shock cell with h.

five shocks) indicates that there is no clear pattern with respect
to Ujx or p from shock to shock. Initial results indicate that
the shock cell length is approximately equal to the slot width
h,23 whereas Powell24 observed in the 2D case that L is pro-
portional to both p and h. Harper-Bourne and Fisher11 suggest
a possible relationship of the form

L = 1.1βh; (20)

where β is the shock strength, which is a function of the local
jet Mach number.

Breakaway is the phenomenon that is often observed in
Coanda flows when a lip shock is formed at the lower edge of
the exit slot. This lip shock generates a separation bubble on
the Coanda surface that grows in size with operating pressure
and ultimately causes the flow to separate from the Coanda sur-
face to which it was formerly attached.7 When parameters such
as operating pressure, nozzle exit slot width, and curvature are
increased, the location of this separation bubble retreats around
the Coanda surface back towards the nozzle exit, and, at some
critical point, the flow breaks completely away from the sur-
face.19 See Fig. 12 for details.

At high speeds, the separation process is usually further
complicated by shock wave/boundary layer interaction.7 The
breakaway process is shown in more detail by the set of
Schlieren photos in Figs. 13(a)–13(d). In the present experi-
mental work, for a given slot width, the operating pressure was
continuously increased until breakaway was observed via the
Schlieren flow visualisation system. The observed breakaway
slot width-operating pressure (or exit velocity) combinations,
are shown in Fig. 14. It should be noted that, for high speed
Coanda flows, when the stagnation pressure is increased until
breakaway occurs, and then decreased to make the flow reat-
tach, it is found that the pressure has to be reduced to a consid-
erably lower level than the breakaway pressure before reattach-
ment occurs. This hysteresis effect occurs over a substantial
range of operating pressures.7 Figure 15 shows how the SPL is
affected by breakaway. As soon as breakaway occurs, a steep
drop in SPL is observed, as the flow is redirected away from
the horizontal. One of the motivations for the current interest
in shock cell location (especially the location of the first shock
cell, before the shock waves occur) is the potential for better
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Figure 12. Schematic of key features of the flow field for a Coanda flow.7

(Reproduced with permission of reference [7]).

prediction of jet breakaway.20

Figure 16 shows the frequency spectra for h = 1.9 mm
and a horizontal observer. For this slot width, breakaway oc-
curs at 23 psig, and this is exhibited in Fig. 15 by the re-
duced SPL spectrum for 25 psig, compared to 20 psig. This
is also exhibited in Fig. 16 by the lower SPL levels observed
at 30 psig and 40 psig compared to 20 psig. The relationship
between breakaway and location of the first shock cell is cur-
rently being investigated. As discussed previously, because of
its complex nature, the flare jet is almost always imperfectly
expanded.8 Indeed, the flow near the nozzle exit (especially for
a stepped flare) is found to be supersonic and underexpanded
at most operating pressures,10 leading to the formation of a se-
ries of shock cells.8 The interaction of the jet turbulence with
these shock waves produces two noise components; screech
(discrete) tones and BBSAN.11 Although BBSAN is generally
present, the screech tones (which are thought to be produced
by a feedback loop mechanism24) require sound waves of suf-
ficient intensity to reach the jet nozzle exit region, or the loop
cannot be sustained. Since such waves are not always present;8

the focus here is on BBSAN. Harper-Bourne and Fisher devel-
oped the first prediction method for BBSAN.11 In their model,
the noise generation depends on a nearly coherent interaction
between the turbulence in the jet shear layer and the jet shock
cell structure. This interaction is modelled by a series of corre-
lated point sources that radiate either constructively or destruc-
tively. It is well known that most of the SAN is produced in the
region just downstream of the nozzle exit.10 Thus the location
of the shock cells is of primary importance in determining both
the BB shock cell noise spectrum and the peak frequency of
the BBSAN emitted by a given jet configuration.11, 22 For ex-
ample, Harper-Bourne and Fisher11 have shown that the SAN
peak frequency, fp, is related to the (average) shock cell spac-
ing, L, by

fp =
Uc

L(1 −Mc cos(θ))
; (21)

where Uc is the eddy convection velocity and (1 −Mc cos(θ))

(a)

(b)

(c)

(d)

Figure 13. Schlieren photographs showing breakaway, 2.82 mm slot width
(a) 45 psig (b) Before breakaway (c) During breakaway (d) After breakaway.
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Figure 14. Variation in breakaway pressure with slot width.

Figure 15. Effect of breakaway on SPL.

is a Doppler factor incorporating the variation in retarded time
and source phasing. This agrees with the assertion of Pow-
ell24 for both a 2D nozzle and a round nozzle that the acoustic
wavelength is inversely proportional to L.24

The current work is part of an effort to illuminate the re-
lationship between cell location and flow characteristics such
as operating pressure and slot width. Following the work of
Tam et al.,22 once a computational model has been developed
to predict the shock cell structure in the jet, the Fourier modes
of the shock cell structure can be calculated. Thus the inter-
action of the large scale turbulent structures with the shock
cells (the source of BBSAN) can be thought of as the inter-
action of these structures with the different Fourier modes. In-
teraction with a particular mode generates a unique ‘peak’ in
the shock cell noise spectrum, with the dominant peak usu-
ally generated by the first (fundamental) mode.22 The sound
intensity and directionality can also be determined from the
geometry of the sound field.24 Tam et al.22 obtained good
agreement with experimental data by applying these methods
to dual stream jets, although they note (as do the current au-
thors) that clearly ‘. . . the computation of the shock cell struc-
ture is but the first step in the development of a shock cell

Figure 16. Effect of breakaway on frequency spectra, 1.9 mm slot width.

noise prediction methodology/theory’. Thus the current work
is part of an ongoing research programme to combine the pre-
vious approaches11, 20, 24 to Coanda jets, and in this way (via
the determination of the effect of jet operating conditions on
shock cell structure), determine the effect of jet operating con-
ditions on BBSAN. It should be noted that alternative models
of BBSAN show reasonable agreement with the proposed ap-
proach.12, 13, 22

5. SUMMARY AND CONCLUSIONS

A theoretical method of predicting the shock cell structure
associated with a three-dimensional turbulent Coanda wall jet
is presented, and compared with experimental data. The gov-
erning coupled quasi-linear partial differential equations are
solved numerically using the MOC with the Euler predictor-
corrector method. In addition to being a useful model in its
own right, it has been noted10 that the MOC is useful in help-
ing to interpret Schlieren photos. In this way, the location of
the shock cells is determined. The qualitative displacement
of the free-jet boundary is accurately modeled by the current
method (Fig. 7), as are general features such as the relative
invariance of shock cell location with p and h (Figs. 10 and
11). The relatively constant shock cell spacing is also ob-
served in Fig. 7. The presence of discrete tones in the data
disrupt observed trends, and means that the data are relatively
sparse. Separation of the flow or breakaway is achieved across
the entire range of operating conditions (p = 10 − 60 psig,
h = 1.14 − 3.23 mm) at certain pressure/slot width combi-
nations. It occurs at higher pressures for larger slot widths.
The relationship between breakaway and the observed shock
waves is currently being investigated in more detail by us-
ing the Schlieren images (see Fig. 13) in conjunction with the
acoustical measurements. Sudden drops in SPL (see Fig. 15)
denote that breakaway has occurred, and this is being corre-
lated with the associated operating conditions in an attempt to
determine whether such a relationship exists.

Clearly, the above work needs to be extended to better model
three-dimensional turbulent Coanda wall jet flows. For exam-
ple, three-dimensional jets require the inclusion of radial flow
and longitudinal vortices. Indeed, such vortices have previ-
ously been utilised in Coanda flows to disrupt the coherent

International Journal of Acoustics and Vibration, Vol. 21, No. 2, 2016 207



C. P. Lubert, et al.: AN INVESTIGATION OF INITIAL SHOCK CELL FORMATION IN TURBULENT COANDA WALL JETS

structures in a flow, thereby weakening the shock cell structure
and reducing the OASPL.25 Curved 3D jets differ from plane
3D jets because they exhibit radial expansion and streamline
curvature. Indeed, in a curved jet, the rapid growth of the outer
shear layer (caused by streamline curvature) means that the
shock cell structure is shorter than in equivalent plane jets.20

These features also tend to promote enhanced turbulence lev-
els, and thus Coanda wall jet flows are even more complex than
curved free jets, since they contain solid surface/shock wave
and shock wave/boundary layer interactions. It is intended that
future modelling work will incorporate many of these features.
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