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This paper investigates resonance vibration suppression under persistent excitation near the first structural reso-
nant frequency of a clamped-clamped (doubly-clamped) piezoelectric flexible beam. In this study, an acceleration
sensor is used to measure the resonant vibration. Firstly, the finite element method (FEM) is utilized to derive
the dynamics model of the system, and modal analysis is carried out. Secondly, an acceleration feedback-based
proportional-integral control algorithm and variable structure control algorithms are designed, and a numerical
simulation is performed. Finally, a doubly-clamped piezoelectric flexible beam experimental setup is constructed.
Experiments are conducted on resonant vibration suppression using the designed control algorithms. The numer-
ical simulation and experimental results demonstrate that the resonant vibration can be suppressed by using the
designed control methods, and the improved variable structure control method shows better control performance
in suppressing the resonant vibration.

1. INTRODUCTION

Flexible beam structures are characterized by light weight,
low structural damping, and low modal frequencies, and they
are one of the main structure types used in the engineering field
and aerospace structures.1 Vibrations are easily caused when
flexible beams are subjected to heavy loads or affected by a
variety of unexpected external factors in the course of their
work. Furthermore, these vibrations will last for a long time.
If the vibrations are not suppressed effectively, the prolonged
vibrations will reduce the working accuracy and working life
of large and complex structures, such as space crafts and space
robot manipulators. Moreover, if the structure is excited at its
resonance frequencies, it will be seriously damaged.2 There-
fore, active vibration control of flexible structures is an impor-
tant concern.

During the past few decades, a considerable amount of study
in the area of active vibration control of flexible structures has
been conducted by many researchers. In their investigations,
piezoelectric materials (such as PZT, PVDF) are widely used
in active vibration control for flexible structures. They provide
inexpensive, reliable, and non-intrusive means of actuating and
sensing vibrations in flexible structures.4 Wang, et al.,5 con-
ducted a study on the vibration control of smart piezoelectric
composite plates; they investigated the effect of the stretching-

bending coupling of the piezoelectric sensor and actuator pairs
on the system stability of smart composite plates. The classi-
cal negative velocity feedback control method was adopted for
the active vibration control analysis of smart composite plates
with bonded distributed piezoelectric sensors and actuators in
their study. Sabatini, et al.,6 studied active damping strategies
and relevant devices that could be used to reduce the structural
vibrations of a space manipulator with flexible links during its
in orbit operations. They proposed an optimized adaptive vi-
bration control via piezoelectric devices. Carlos, et al.,7 con-
ducted an experimental study into the control of a cantilever
beam, which had a PZT patch bonded to it as an actuator and
a collocated PVDF patch which was used as the sensor. Their
experimental results demonstrated the effectiveness of the ac-
tive vibration control method. Direct output feedback-based
active vibration control has been implemented on a smart can-
tilever beam at its resonant frequency using PZT sensors and
actuators by Parameswaran, et al.,8 They compared the perfor-
mance of the conventional PC-based control and a dedicated
real-time control at resonance, and their experimental results
demonstrated that the implementation of real-time control pro-
vides a much more controlled response of the system with an
excellent transient response, as well as a highly reliable steady
state response.
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What’s more, the acceleration sensor-based control strat-
egy is an effective control method used in vibration suppres-
sion.9–11 Its best feature is that acceleration is used as the feed-
back signal, which can be directly measured by accelerom-
eters. In addition, acceleration is easier to measure than
strain, displacement, or velocity.9, 12 Considerable works have
been done using the acceleration sensor-based feedback con-
trol strategy, showing that acceleration feedback control is ef-
fective and robust in vibration measurement and active con-
trol.12–17

Mahmoodi, et al.,9 used an active vibration control method
called modified acceleration feedback for vibration control of
plate structures as an extension of modified positive position
feedback. PZT patches were utilized to suppress the vibra-
tion of the plate, and the method was successfully verified on
a test plate in the laboratory. Preumont, et al.,12 proposed a
local control scheme using acceleration feedback and a col-
located proof-mass actuator for active damping of beam-like
structures. They conducted experimental investigations of vi-
bration suppression under resonant excitations. Gatti, et al.,13

conducted a theoretical and experimental study of the active
vibration control of a simply supported beam using a piezo-
electric patch actuator and a physically collocated accelerome-
ter. Shin, et al.,14 proposed an active vibration control method
of clamped-clamped beams using acceleration feedback con-
trollers with a non-collocated sensor and a moment pair ac-
tuator configuration. Qiu, et al.,15, 16 presented an accelera-
tion sensor-based active vibration control for a cantilever beam
and a cantilever plate with bonded piezoelectric patches. The
phenomenon of phase hysteresis and time delay were consid-
ered in their work. The PD control method, a nonlinear con-
trol method and acceleration signal-based sliding mode con-
trol algorithm were utilized to suppress vibration. Chatterjee17

presented a theoretical basis of time-delayed acceleration feed-
back control of linear and nonlinear vibrations of mechanical
oscillators.

In this paper, active vibration control of a doubly-clamped
flexible beam with bonded discrete PZT actuators and mounted
accelerometer is investigated. The FEM method is utilized
to model the system, and the acceleration feedback-based
proportional-integral controller and the acceleration feedback-
based variable structure controller are designed. Both theo-
retical and experimental studies were undertaken to verify the
presented methods.

The original contributions of this paper are detailed as fol-
lows: (a) The model of a piezoelectric clamped-clamped beam
with an accelerometer is obtained by FEM. The FEM model
is used for simulations of acceleration feedback control algo-
rithms. (b) Acceleration sensor-based proportional and inte-
gral control and variable structure control are designed. (c)
Simulations and experiments are conducted to validate the ef-
fectiveness of the designed controllers in suppressing the reso-
nant vibration of the clamped-clamped beam under persistent
excitation.

This article is organized as follows: In Section 2, the dy-
namic model of a doubly-clamped piezoelectric beam bonded
with piezoelectric actuators and an accelerometer is derived by
using the finite element method. In Section 3, the acceleration
feedback-based proportional-integral control algorithm and the
acceleration feedback based variable structure control method
are proposed, and a numerical simulation is carried out. In

(a) The x− z plane

(b) The x− y plane

Figure 1. Schematic diagram of a doubly-clamped piezoelectric flexible beam.

Section 4, a doubly-clamped piezoelectric flexible beam ex-
perimental system is constructed. Experiments are conducted
by using the proposed control algorithms. Finally, the conclu-
sion is drawn in Section 5.

2. SYSTEM MODELLING

In this section, a mathematical model is derived for a
doubly-clamped piezoelectric beam structure equipped with
an acceleration sensor and PZT actuators. The finite element
method is used to build the dynamics model. The four-node
rectangle plate element is utilized. The state-space representa-
tion form of the dynamics model is obtained, including accel-
eration sensing and piezoelectric driving. Modal analyses are
performed.

2.1. The Doubly-clamped Piezoelectric
Flexible Beam

The doubly-clamped piezoelectric flexible beam is schemat-
ically depicted in Fig. 1. The flexible beam is bonded with PZT
patches and an accelerometer. Eight PZT patches are bonded
on both surfaces of the flexible beam. The patches are divided
into two groups, and are used as the excited actuator and con-
trol actuator. Each group is composed of four piezoelectric
patches, symmetrically bonded on both surfaces close to both
clamped sides. Either group can be used as a one-channel ac-
tuator by parallel connection. The left group is used as the ac-
tuator to excite the vibration of the beam, and the right group
is used to suppress the vibration of the beam.

As shown in Fig. 1, the accelerometer is located in the in-
termediate position of the flexible beam, used to detect the vi-
bration of the beam. The length, width, and thickness of the
flexible beam structure are lb = 600 mm, wb = 120 mm,
and tb = 2 mm, respectively. Those of the PZT patches are
lp = 50 mm, wp = 15 mm, and tp = 1 mm, respectively.
The diameter and height of the accelerometer are da = 18 mm
and ha = 22 mm, respectively. The location of the piezoelec-
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Figure 2. Four-node rectangle plate element.

tric actuators and the accelerometer are shown in Fig. 1, where
xp1 = xp2 = 50 mm, yp1 = yp2 = 15 mm, and xa = 300 mm.

2.2. The Element Dynamics Equation
The beam is discretized by using the four-node rectangle

plate element, as shown in Fig. 2. There are three degrees of
freedom at each node of the four-node rectangle plate element,
described as w, θx, and θy , respectively. The element nodal
displacement vector can be expressed as

de =
[w1 θx1 θy1 w2 θx2 θy2
w3 θx3 θy3 w4 θx4 θy4]

T .
(1)

The transverse displacement of any point in the element can
be expressed as18

w(x, y) = Nde; (2)

where N ∈ R1×12 is the displacement shape function.
The element strain matrix can be expressed using the ele-

ment nodal displacement vector18, 19

ε = zBde; (3)

where B is a matrix representing the relationship between the
element strain matrix and element nodal displacement vector,
and z is the variable in the thickness direction.

The dynamics equation of the four-node rectangle plate ele-
ment can be written as20

me
bd̈

e + ke
bd

e = feext; (4)

where me
b is the element mass matrix, ke

b is the element stiff-
ness matrix, d̈e is the element nodal acceleration vector, de is
the element nodal displacement vector, and feext is the element
external force vector.

In Eq. (4), me
b =

∫
Vb

ρbN
TNdV , ke

b =
∫
Vb

z2BTDbBdV , in

which ρb represents the material densities of the flexible beam,
Vb is the element volumes of the rectangle plate element, Db

is the elastic modulus matrix of the rectangle plate element, z
represents the variable in the thickness direction, and its range
is [−tb/2 tb/2].

In this investigation, the piezoelectric element is regarded as
an ordinary rectangle plate element, so the piezoelectric ele-
ment mass matrix me

p =
∫
Vp

ρpN
TNdV , and the piezoelectric

element stiffness matrix is ke
p =

∫
Vp

z2BTDpBdV , in which

ρp denotes the densities of the piezoelectric material, Vp is
the element volumes of the piezoelectric element, Dp is the
elastic modulus matrix of the piezoelectric material, z repre-
sent the variable in the thickness direction, and its range is
[−tp/2 tp/2].

As shown in Fig. 1, PZT patches are used as actuators to
excite or suppress the vibration of the doubly-clamped piezo-
electric beam. When a PZT patch is applied to a voltage only
in the thickness direction, the stress matrix is21

σ = −eTEz; (5)

where σ represents the stress matrix in the piezoelectric actua-
tor caused by the electric field, e is the piezoelectric stress con-
stant vector, and Ez is the strength of the electric field within
the piezoelectric actuator.

When the input voltage of the piezoelectric actuator is Va,
the strength of the electric field within the piezoelectric actua-
tor is22

Ez =
Va
ta

; (6)

where ta is the thickness of the piezoelectric actuator.
Substituting Eq. (6) into Eq. (5), the stress matrix in the

piezoelectric actuator is obtained as

σ = −eT Va
ta
. (7)

The driving force of PZT actuators demands that the stress
within the piezoelectric element is uniformly distributed along
the thickness direction of the piezoelectric patches. The torque
generated by the stress is

Ma =

ta+tb/2∫
tb/2

σzdz = −
ta+tb/2∫
tb/2

eTEzdz = zae
TVa; (8)

where Ma is the torque caused by the PZT actuator, and za =
(tb+ta)/2 denotes the distance the centreline of the PZT patch
to the centreline of the beam.

When a voltage is applied, the work done by the PZT actua-
tor is

Fe
ad

e =

∫ ∫ [
θx θy θxy

]
Madxdy

=

∫
Sa

BT zae
TVad

edS = fectrl · Vade; (9)

where Fe
a is the equivalent nodal load generated by the PZT

actuator, fectrl is the piezoelectric element driving force coef-
ficient vector, θxy is the torsional angle corresponding to both
the x- and y- axes, and fectrl =

∫ ∫
BT zae

T dxdy.

2.3. State-space Form of the System Model
The element meshing and numbering of nodes and elements

for the doubly-clamped beam is shown in Fig. 3. The number
in parentheses indicates the element number, and the numbers
near the element node indicate the node numbers. There are
24 elements along the length direction and 8 elements along
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Figure 3. Meshing and numbering of the elements and nodes for the doubly-clamped piezoelectric beam.

the width direction, so the flexible beam is divided into 192
elements and the number of nodes is 225. The length of the
element is 25 mm, and the width of the element is 15 mm. Each
of the PZT patches is divided into two parts in the x direction,
and one part in the y direction. After applying the boundary
condition to the beam, the number of the free nodes of the
beam is 207.

The accelerometer is mounted in the intermediate position
of the flexible beam, i.e. the node in the middle position of the
beam structure numbered 113 is regarded as the observation
node of acceleration output. When the finite element method is
used to model the dynamics model of the flexible beam system,
the effect of the accelerometer on the structural characteristics
should be considered. Here, the effect of the mounted acceler-
ation sensor on the overall stiffness of the structure is ignored;
while the mass of the accelerometer cannot be neglected. Its
mass is evenly assigned to the four adjacent elements, so the
element numbers are 92, 93, 100, and 101.

After assembling the element mass matrix, the element stiff-
ness matrix and the exciting force coefficient vector of the
piezoelectric element, one can obtain the global mass ma-
trix, global stiffness matrix and global control force coeffi-
cient vector. The boundary conditions of the flexible beam
are two clamped sides. Therefore, the corresponding rows
and columns should be deleted in the global mass and stiffness
matrices, and in the global exciting and control force vectors.
Considering the Rayleigh damping effect, the dynamics equa-
tion of the piezoelectric flexible beam structure can be written
as

Md̈(t) + Cḋ(t) + Kd(t) = Fa · Va(t) + Fc · Vc(t); (10)

where M ∈ R3m×3m and K ∈ R3m×3m are the global
mass matrix and global stiffness matrix, respectively; C =
αM + βK is the damping matrix, in which α and β are
Rayleigh damping constants respectively; d̈(t) ∈ R3m×1,
ḋ(t) ∈ R3m×1, and d(t) ∈ R3m×1 are the global nodal ac-
celeration vector, the global nodal velocity vector, and global
nodal displacement vector, respectively; Fa ∈ R3m×1 and
Fc ∈ R3m×1 are the global active force vector used to excite
the vibration of the flexible beam and the global control force
vector that suppresses the vibration of the beam, respectively;

Va(t) is the excitation voltage applied on the vibration excita-
tion piezoelectric actuators; Vc(t) is the control voltage applied
on the vibration suppression piezoelectric actuators; and m is
the total number of nodes, where m = 207 after applying the
boundary conditions.

The output vibration signal measured by the acceleration
sensor is12

ya(t) = Td̈(t); (11)

where ya(t) is the measured output of the acceleration sensor;
T ∈ R1×3m is the acceleration output matrix corresponding to
the observation position; d̈(t) is the global nodal acceleration
vector; and m is the total number of the nodes.

For the convenience of numerical simulation,
Eqs. (10) and (11) should be converted into a state-space
form. By using a modal transformation d = Φg, the
dynamics equations of the system can be written as23

Mg̈(t) + Cġ(t) + Kg(t) = Fa · Va(t) + Fc · Vc(t); (12)

and
ya(t) = TΦg̈(t); (13)

where Φ is the modal matrix; g is the modal coordinate vector,
M = ΦTMΦ is the generalized mass matrix; C = ΦTCΦ is
the generalized damping matrix; K = ΦTKΦ is the general-
ized stiffness matrix; Fa is the generalized vibration excitation
force vector; and Fc is the generalized vibration control force
vector.

The state-space representation of Eqs. (12) and (13) is ex-
pressed as{

Ẋ(t) = AX(t) + BaVa(t) + BcVc(t)
ya(t) = CX(t) + DaVa(t) + DcVc(t)

; (14)

where X = [g(t) ġ(t)]T is the state vector; A =[
0 I

−M
−1

K −M
−1

C

]
is the system matrix, Ba =

[
0

M
−1

ΦT Fa

]
is the vibration excitation force matrix; Bc =

[
0

M
−1

ΦT Fc

]
is

the vibration control force matrix; C = −TΦ [M
−1

K M
−1

C ]

is the acceleration output matrix; and Da = TΦM
−1

ΦTFa

and Dc = TΦM
−1

ΦTFc are direct transfer coefficients.
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Table 1. The modal frequencies of the first four modes of the doubly-clamped
beam.

Order ANSYS software FEM model Relative error
(Hz) (Hz)

1 21.453 21.8914 2.04%
2 67.212 66.7915 -0.65%
3 81.231 81.3994 0.21%
4 116.33 116.6680 0.32%

(a) The first mode

(b) The second mode

Figure 4. The first four vibration modes of the doubly-clamped beam obtained
by employing ANSYS software.

2.4. Modal Analysis of the System

The geometrical size of the beam, the PZT patch, and
the accelerometer can be seen in section 2.1. The flexi-
ble beam is made of epoxy resin. Young’s modulus, Pois-
son’s ratio, and the mass density of the beam structure are
Eb = 34.64 Gpa, νb = 0.33 and ρb = 1865 Kg/m3, respec-
tively. Young’s modulus, Poisson’s ratio, and the mass den-
sity of the PZT patches are Ep = 63 Gpa, νp = 0.33, and
ρp = 7650 Kg/m3, respectively, and the piezoelectric strain
constant is d31 = 166×10−12. The mass of the accelerometer
is 38 g, and Young’s modulus, Poisson’s ratio, and the mass
density are Eb = 210 Gpa, νb = 0.3 and ρb = 7850 Kg/m3,
respectively.

The model of the doubly-clamped beam system can be ob-
tained by using the finite element modelling method, and one
can also get modal frequencies and modal shapes of the sys-
tem by using ANSYS software. When ANSYS software is
employed to carry out modal analyses, the SHELL63 element
is used to generate mesh of the beam, and the SOLID45 ele-
ment is used to generate mesh of the PZT patches and the ac-
celerometer. The modal frequencies of the flexible beam sys-
tem are listed in Table 1, calculated by using the FEM method
and ANSYS, respectively. The relative errors between the two
methods are less than 3%. Comparison of the results demon-
strates the correctness of the model built by using the FEM.
Figures 4 (a) and (b) illustrate the mode shapes of the first two
modes obtained by ANSYS.

3. CONTROL ALGORITHM AND
NUMERICAL SIMULATION

3.1. Acceleration Feedback-based
Proportional-Integral Control

In order to suppress the vibration under resonant excita-
tion of a doubly-clamped beam effectively, active control al-
gorithms need to be designed. During this investigation, the
system output is the acceleration in the middle of the beam
measured by the accelerometer. The measured signals of ac-
celeration sensors generally comprise a large amount of noises,
and the derivative of such signals will cause a much larger
amount of noises. Since the integration of the measured ac-
celeration signals will attenuate the measured noises, the ac-
celeration sensor-based proportional-integral feedback control
algorithm is utilized. To filter out the high frequency noises,
a band-pass filter is applied to process the signals measured
by the acceleration sensor before the controller design. The
central frequency of the designed filter is 21.8914 Hz, and its
bandwidth is 30 rad/s in the numerical simulation.

The acceleration sensor-based proportional-integral feed-
back control algorithm is

u(k) = −Kpyacc(k)−KI

k∑
j=1

yacc(j); (15)

where k is the serial number of the sampling time points;
yacc(k) is the acceleration signal at the sampling instants; u(k)
is the control output; KP is the proportional gain; and KI is
the integral gain.

3.2. Acceleration Feedback-based Variable
Structure Control

The variable structure control (VSC) algorithm is easily im-
plemented, including selecting the switching function and the
control law.24, 25 When sliding mode variable structure control
methods are designed to suppress the vibration of the doubly-
clamped beam, the switching function of the VSC is composed
of both the acceleration signal and its integration. The switch-
ing function is expressed as

s(k) = −c1yacc(k)− c2
k∑

j=0

yacc(j); (16)

where yacc(k) is the acceleration signal at the sampling in-
stants, and c1 and c2 are constants greater than 0.

When the switch variable structure control is designed, the
switching function at the sampling interval is selected as a
switch to determine the controller’s output. Therefore, the
acceleration-based switch variable structure control law uv(k)
is written as

uv(k) = Asgn[s(k)]; (17)

where A is a positive constant, denoting the control amplitude;
sgn(·) is the sign function; and it is

sgn [s(k)] =

{
1, s(k) ≥ 0
−1, s(k) < 0

. (18)

However, to realize the switch variable structure control,
VSC requires high switching frequency associated with large
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(a) Resonant vibration before and after control (b) Zoom in on the time axis of Fig. 5 (a)

(c) Control voltage (d) Zoom in on the time axis of Fig. 5 (a)

Figure 5. Simulation results of acceleration based proportional-integral control.

control gains, which in practice may cause chattering and ex-
cite the high frequency vibration of the system. To avoid the
problem of this switching method, the switch surface slaw(k)
is selected as

slaw(k) = −εsgn [s(k)]− qs(k); (19)

where s(k) is the switching function mentioned above, and ε
and q are positive constants.

Then, the control law of the improved VSC ur(k) is

ur(k) = Asgn [slaw(k)] . (20)

3.3. Numerical Simulation Results

In this section, numerical simulations are carried out to
evaluate the effectiveness of the algorithms designed in
section 3.1 and section 3.2. The structural size and me-
chanical properties of the flexible beam, the PZT patches
and the accelerometer are described in the previous section.
By using the FEM method, the matrices correspond-
ing to the first two modes model are obtained as A =


0 0 1 0
0 0 0 1

−1.8919× 104 1.1126× 10−6 −1.2379 0
1.1726× 10−6 −1.1612× 105 0 −2.5180

,

Ba =


0
0

0.0042
0.0012

, Bc =


0
0

0.0042
−0.0012

, C =

[
4.99× 104 −8.91× 10−6 3.2715 0

]
, Da = −0.011,

Dc = −0.011.

In the simulation research, the sampling period is specified
as Ts = 3 ms. By converting the continuous-time model to
the discrete-time one, the coefficient matrices of the discrete-
time system are obtained. The numerical simulation can be
carried out by using the coefficient matrices of the discrete-
time system. The excited signal actuated on the actuators is
a sinusoidal signal, and the frequency of the excited signal is
21.8914 Hz, with an amplitude of 130 V.

The control gains of the acceleration sensor-based
proportional-integral feedback control algorithm are chosen as
Kp = 1.0, KI = 0.01. The control action is applied at the
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(a) Resonant vibration before and after control (b) Zoom in on the time axis of Fig. 6 (a)

(c) Control voltage (d) Zoom in on the time axis of Fig. 6 (c)

Figure 6. Simulation results of switch variable structure control.

moment of t = 4.5 s. The time-domain resonant vibration
response before and after control is shown in Fig. 5 (a), and
the control voltage applied on the PZT actuators is plotted
in Fig. 5 (c). Figures 5 (b) and (d) are the enlarged view of
Figs. 5 (a) and (c) from 4 seconds to 8 seconds, respectively.
As depicted in Figs. 5 (a) and (b), when the control action is not
applied, the vibration amplitude is about 7 V. After applying
the active control, the vibration is suppressed, and the vibration
amplitude will gradually become smaller. When the vibration
response is stable, the vibration amplitude is about 2.2 V. As
depicted in Fig. 5 (c), when the control action is not applied,
the control voltage is 0 V. When the active control is applied,
the control voltage reaches saturation in a short time, and then
decreases in stable amplitude. From the simulation results, it
can be seen that the amplitude of the control voltage and the
controlled vibration response can stay at a constant level when
applying the proportional plus integral control algorithm.

When using the switch variable structure control algorithm,
the control gain is specified as A = 5, and the constants are
selected as c1 = 0.65, c2 = 0.01. Figure 6 (a) shows the time-
domain resonant vibration response before and after control.

Figure 6 (c) shows the control voltage applied on the PZT actu-
ators. Figures 6 (b) and (d) are the enlarged view of Figs. 6 (a)
and (c) from 4 seconds to 8 seconds, respectively. When the
control action is not applied, the vibration amplitude is about
7 V. When the active control is applied, the vibration is sup-
pressed. When the vibration response is stable, the vibration
amplitude increases and decreases periodically; the maximum
vibration amplitude is about 1.5 V. As depicted in Figs. 6 (c)
and (d), the control voltage is saturated continuously at a high
frequency switching once the active control is applied.

When using the improved variable structure control algo-
rithm, the parameters are chosen as A = 5, c1 = 0.7,
c2 = 0.02, ε = 2.5, and q = 1.2. Fig. 7 (a) shows the
time-domain resonant vibration response before and after con-
trol. Figure 7 (c) shows the control voltage applied on the
PZT actuators. Figures 7 (b) and (d) are the enlarged view
of Figs. 7 (a) 7 (c) from 4 seconds to 8 seconds, respectively.
When the active control is applied, the vibration is suppressed
significantly. When the vibration is stable, the vibration ampli-
tude increases and decreases periodically, and the maximum
vibration amplitude is about 0.9 V. As depicted in Fig. 7 (c),
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(a) Resonant vibration before and after control (b) Zoom in on the time axis of Fig. 7 (a)

(c) Control voltage (d) Zoom in on the time axis of Fig. 7 (c)

Figure 7. Simulation results of improved variable structure control.

once the active control is applied, the control voltage is satu-
rated continuously. The reason that plots 7 (c) and (d) have
several intervals is that a building time is needed; thus, the
switch does not happen.

From Figs. 6 and 7, one can see that the control voltage
amplitude of the variable structure control is the maximum
value. This can provide the maximum control energy to sup-
press the periodical vibration. The vibration response ampli-
tudes change periodically. This is because the following rea-
sons: if the vibration amplitude is suppressed to become much
smaller, the control value stays for a smaller time. Then the
vibration amplitude will be increased. After the vibration be-
comes larger, the control effects are applied rapidly. Thus, the
vibration amplitude will decrease.

From the simulation results, one can see that the acceleration
feedback-based control algorithm can suppress the resonant vi-
bration effectively. The amplitudes of resonant vibrations are
reduced much better than with PI control, as compared to those
of the designed variable control algorithms. Furthermore, the
improved variable structure control algorithm shows the best
control performance among the three methods.

4. EXPERIMENTS

In order to verify the effectiveness of the designed accelera-
tion sensor based vibration control method, a doubly-clamped
piezoelectric flexible beam experimental system was devel-
oped. Experiments on modal identification and resonant vibra-
tion suppression of the piezoelectric flexible beam were con-
ducted.

4.1. Introduction of the Experimental Setup
The schematic diagram of the doubly-clamped piezoelectric

beam experimental system is illustrated in Fig. 8. The ex-
perimental setup constitutes a doubly-clamped flexible beam
structure bond with PZT patches bonded on both sides, and an
accelerometer (type: CA-YD-127) is mounted in the interme-
diate position of the beam.

The photograph of the experimental setup is shown in Fig. 9.
The practical locations of the PZT patches and the accelerom-
eter sensor are schematically illustrated in Fig. 1. The di-
mensions and material properties of the beam, piezoelectric
patches, and the accelerometer are given in Section 2.4. A
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Figure 8. Schematic diagram of the doubly-clamped piezoelectric beam ex-
periment system.

Figure 9. Experimental setup of the doubly-clamped beam.

signal generator (type: SP-F05) is used to generate sinusoidal
excitation signals. The generated excitation signal is ampli-
fied by a piezoelectric amplifier (APEX PA240CX) to excite
the resonant vibration of the beam by using the excited piezo-
electric actuator. The piezoelectric amplifier used for vibration
excitation can amplify the excitation sinusoidal signal from a
low voltage range, from -5 V to +5 V to a high voltage range,
from -130 V to +130 V. The piezoelectric acceleration sensor’s
signal is amplified by charge amplifiers (YE5850) to the volt-
age range of -10 V to +10 V, and converted into digital data
through an A/D (analog to digital) chip (AD7862, 4-channel,
12 Bit). The output of the controller is sent to the piezoelectric
amplifier used for vibration suppression through a D/A (digital
to analog) converter (AD7847, 2-channel 12-bit). The vibra-
tion suppression piezoelectric actuators are driven by a high-
voltage amplifier APEX PA241DW, which amplifies the signal
from a low voltage range, from -5 V to +5 V, to high voltage
range, from -260 V to +260 V). An ARM board keeps commu-
nicating with a personal computer (PC), which is used as the
signal processing and control system. The sampling period of
the control experiments is selected as 3 ms.

(a) The excited swept sine signal and time-domain response
of the flexible beam.

(b) Frequency response

Figure 10. Acceleration sensor measured swept sine vibration response ex-
cited by PZT actuators.

4.2. Modal Frequency Identification of the
Flexible Beam

To identify the practical modal frequencies of the doubly-
clamped piezoelectric beam, excitation analyses are used. The
swept sine signal is generated by a signal generator SP-F05,
ranging from 0.5 Hz to 50 Hz, and the exciting time and am-
plitude is 50 s and 4 V, respectively. Then, it is amplified by
a high-voltage amplifier APEX PA240CX and applied to the
vibration excitation PZT actuators. Thus, the swept frequency
response is obtained. Figure 10 (a) shows the excited swept
sinusoidal signal and the time-domain response signal mea-
sured by the piezoelectric acceleration sensor. By employing
fast Fourier transform (FFT), one can obtain the frequency re-
sponse as shown in Fig. 10 (b). From Fig. 10 (b), it can be
known that the first modal frequency of the doubly-clamped
beam is 21.0 Hz.

In practice, the measured signals of acceleration sensors
generally comprise a large amount of noises when the vibra-
tion of the first mode of the doubly-clamped beam is excited
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(a) Resonant vibration before and after control (b) Zoom in on the time axis of Fig. 11 (a)

(c) Control voltage (d) Zoom in on the time axis of Fig. 11 (c)

Figure 11. Experimental result of acceleration-based proportional-integral control.

by PZT actuators. To filter out the high frequency noises of
the measured signal, a band-pass filter must be applied to con-
troller design, and the central frequency of the filter is 21.0 Hz
and its bandwidth is 30 rad/s in the experimental investigation.

4.3. Experiment Results on Resonant
Vibration Suppression

For resonant vibration suppression of the first vibration
mode, the sinusoidal excitation signal is generated by the sig-
nal generator SP-F05. The amplitude and frequency of the
sinusoidal excitation signal are 4 V and 21.0 Hz, respec-
tively. The frequency is the same as that of the first vibra-
tion mode. Firstly, the acceleration sensor-based proportional-
integral feedback control method is used to suppress the vibra-
tion under resonant excitation.

The control gains of the acceleration sensor-based
proportional-integral feedback control algorithms are speci-
fied as Kp = 1.1, KI = 0.02. The control parameters be-
tween simulations and experiments are a little different. This
is the reason why the parameters used in the simulation are not
precisely consistent with those of the flexible physical beam,

which was used perfectly in the experimental material. The
physical parameters of the flexible plate, such as the mate-
rial density, Young’s modulus, uniformity, etc., cannot be pre-
cisely calculated. Moreover, the mass of the glue and the con-
nected signal wires of the PZT patches are not considered in
the model. These factors will affect the characteristics of the
system. Therefore, the control parameters are inconsistently
selected.

The control action is applied at the moment of t = 4.5 s.
The time-domain resonant vibration responses before and af-
ter control and control voltage are applied on the PZT actuators
are shown in Figs. 11 (a) and (c), respectively. Figures 11 (b)
and (d) are the enlarged view of Figs. 11 (a) and (c) from
4 seconds to 8 seconds. As depicted in Fig. 11 (a), when the
control action is not applied, the vibration amplitude is about
7 V. After the active control is applied, the control voltage
reaches saturation abruptly. The beam’s large amplitude vi-
bration is suppressed to a small amplitude vibration quickly,
and the control voltage is decreased accordingly. When the
vibration is stable, the vibration amplitude is about 2.5 V,
and the amplitude of the control voltage is almost unchanged.
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(a) Resonant vibration before and after control (b) Zoom in on the time axis of Fig. 12 (a)

(c) Control voltage (d) Zoom in on the time axis of Fig. 12 (c)

Figure 12. Experimental result of switch variable structure control.

This is the difference between the acceleration sensor-based
proportional-integral feedback control algorithm and the sub-
sequent variable structure control algorithm. The experimen-
tal results demonstrate the effectiveness of the acceleration
sensor-based proportional-integral feedback control algorithm
controller. Furthermore, the experimental results are in good
accordance with the simulation results to some extent.

When using the switch variable structure control algorithm
to suppress the resonant vibration, the constants are chosen as
c1 = 0.8, c2 = 0.02. Figure 12 (a) shows the time-domain res-
onant vibration response before and after control. Figure 12 (c)
shows the control voltage applied on the PZT actuators. Fig-
ures 12 (b) and (d) are the enlarged view of Figs. 12 (a) and (c)
from 4 seconds to 8 seconds, respectively. When the control
action is not applied, the vibration amplitude is about 7 V.
After the active control is applied, the vibration is suppressed
quickly. When the vibration is stable, the vibration amplitude
increases and decreases periodically. The maximum vibration
amplitude of the stable vibration response is about 2.5 V. As
depicted in Fig. 12 (c), when the active control is applied, the

control voltage is saturated continuously at a high frequency.

When using the improved variable structure control algo-
rithm, the parameters are selected as c1 = 0.6, c2 = 0.04,
ε = 2.5, and q = 1.8. Figure 13 (a) shows the time-domain res-
onant vibration response before and after control. Figure 13 (c)
shows the control voltage applied on the PZT actuators. Fig-
ures 13 (b) and 13 (d) are the enlarged view of Figs. 13 (a) and
(c) from 4 seconds to 8 seconds, respectively. After the active
control is applied, the vibration is suppressed. When the vibra-
tion is stable, the vibration amplitude increases and decreases
periodically, and the maximum vibration amplitude is 1.6 V. As
depicted in Fig. 13 (c), when the active control is applied, the
control voltage is saturated continuously. This is why there is a
building time where switch does not happen. The experimen-
tal results are in good accordance with the simulation results
to some degree.

Remarks: The parameters of the designed controllers are
provided by trial and error method in simulations and exper-
iments. To guarantee the stability conditions of the controllers,
control spill-over for higher-mode vibrations should be consid-
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(a) Resonant vibration before and after control (b) Zoom in on the time axis of Fig. 13 (a)

(c) Control voltage (d) Zoom in on the time axis of Fig. 13 (c)

Figure 13. Experimental result of improved variable structure control.

ered. Here, low-pass filters are applied to prevent spill-over.
From the experimental results, it can be concluded that

the acceleration feedback-based control algorithm can sup-
press the resonant vibration effectively. In addition, the im-
proved variable structure control algorithm shows a better per-
formance in these proposed methods.

5. CONCLUSIONS

This paper presents the theoretical analysis and experimen-
tal results of the first resonant vibration suppression of a
doubly-clamped flexible beam with bonded discrete PZT ac-
tuators and a mounted accelerometer. The dynamics model of
the flexible beam system is obtained by using the finite element
method. Acceleration sensor-based proportional-integral con-
trol method and sliding mode variable structure control algo-
rithms are used to suppress the resonant vibration of the beam
excited by piezoelectric actuators. Numerical simulations and
experiments are conducted to compare the results of the dif-
ferent control methods. The resonant vibration of the doubly-
clamped beam is effectively suppressed by the proposed meth-

ods. The experimental results confirm the effectiveness and
robustness of the presented acceleration sensor-based control
strategies. What’s more, the improved variable structure con-
trol method shows better control performance in suppressing
the resonant vibration.
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