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Thermoacoustic instabilities are a cause for concern in combustion applications as diverse as small household
burners, gas turbines and rocket engines. In this work, a feedback mechanism is analysed, which couples com-
bustion chamber acoustics with convectively transported fluctuations of entropy (entropy waves) generated
within a premixed flame. Essential elements of this thermo-acoustic feedback loop are: 1) fluctuations in fuel
concentration, induced by acoustic disturbances at the location of fuel injection, 2) convective transport of fuel
inhomogeneities through the premixing section of the burner, 3) modulations in heat release rate and hot gas en-
tropy resulting from the consumption of fuel/air mixture with varying fuel concentration by the flame, and 4) the
generation of sound through entropy non-uniformities at the turbine inlet. From a qualitative analysis based on
relative phases, it is concluded that, depending on the various convective and acoustic time lags involved, en-
tropy waves may couple constructively as well as destructively with combustor acoustics. However, such quali-
tative analysis does not indicate whether the coupling between entropy and acoustic waves is strong enough to
significantly influence thermo-acoustic stability. Therefore, a linear model has been constructed to estimate the
effect of entropy waves on the thermo-acoustic response and stability of a combustor with a choked exit nozzle,
as it might be found in a gas turbine. Note that phenomena like dispersion of convective waves, distributed heat
release, vortical velocities, etc., have not been taken into account, as they would burden the presentation with
unnecessary complexity. Results obtained indicate that the interaction between combustor acoustics and entropy
waves can be significant, especially for the lowest non-axisymmetric modes, and even at frequencies higher than
those usually associated with convective waves. As expected, it was observed that the coupling between pres-
sure and entropy waves at the exit nozzle can enhance as well as reduce the thermo-acoustic stability of a com-
bustor, or the responsiveness to an external or internal fluid-mechanic excitation mechanism. It is concluded that
a comprehensive thermo-acoustic analysis of a premixed combustor with a choked exit must in general include

the generation and propagation of entropy waves and the coupling with combustor acoustics.

1. INTRODUCTION

It has been realised quite some time ago that the flow of
gas containing regions of non-uniform temperature (“entropy
spots”) through a nozzle can be a significant source of com-
bustion noise.! A comprehensive review of earlier work on
this subject has been compiled by Marble and Candel.”

It has also been understood that convection of entropy
spots into a nozzle or more generally a choked cross section
can result in self-excited combustion instability.>* Much of
the earlier work concentrated on ramjet combustors. See the
review by Culick.’ More recently, attention has been turned
towards (premixed) gas turbine combustors; see the work by
Keller et al.*” and Dowling and co-workers.*** Because en-
tropy spots are transported by the mean flow, the frequencies
associated with these instabilities have been argued to be
generally “low”, i.e. lower than the acoustic eigenfrequencies
of the combustor.

In the present work it is emphasised that in compact pre-
mixed combustors, as they are commonly encountered in
low-emission combustion systems, acoustic oscillations and

entropy fluctuations couple with each other even at “high”
frequencies, i.e. frequencies corresponding to acoustic eigen-
modes. This coupling is achieved through a multiply-con-
nected feedback mechanism involving fluctuations of heat-
release-rate — pressure — velocity — fuel concentration and
entropy. Fluctuations of entropy are generated as fuel inho-
mogeneities that are consumed by the flame. Note that this
scenario is quite distinct from, e.g., the analysis of entropy
fluctuations in a ramjet combustor by Humphrey and Culick,"
where entropy fluctuations upstream of the flame drive the
instability mechanism. The amplitude of these entropy waves
is either imposed as an upstream boundary condition, or pro-
duced by pressure waves incident on the inlet shock.

Analysing the various convective and acoustic time lags
involved in the aforementioned feedback mechanism, we ar-
rive at a conclusion, which to our knowledge has not been
emphasised previously: entropy waves may couple construc-
tively as well as destructively with combustor acoustics. In
other words, the interaction of pressure and entropy waves
can enhance as well as reduce the thermo-acoustic stability of
a combustor or the responsiveness to an external or internal
fluid-mechanic excitation mechanism.
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In order to illustrate our ideas and to show that the cou-
pling between acoustic and entropy waves is of significant
strength, we have examined a simple model for the propaga-
tion of acoustic and convective waves in a combustor, op-
tionally with an internal thermo-acoustic excitation due to co-
herent flow structures in the region of heat release. The re-
sults obtained with the model suggest that indeed the re-
sponse of the combustor to the excitation can be significantly
influenced by entropy waves.

2. PHYSICAL MECHANISM AND QUALITATIVE
ANALYSIS

Whenever fluctuations in heat release rate occur in a com-
bustion system — see Fig. 1 for a simple sketch of a pre-
mixed combustor — they may couple with the system’s
acoustic modes. In general, oscillations of velocity and pres-
sure will then occur also in the vicinity of the fuel injector
(2 in Fig. 2). Assuming that the acoustic impedance of the
fuel injector differs from that of the fuel/air mixing section
(2-3), inhomogeneities in the fuel mass fraction Y will
result, which are convected towards the flame. As momentar-
ily richer and leaner “pockets” of fresh mixture are consumed
by the flame, the momentary heat release rate will increase
and decrease, respectively. This will also cause disturbances
of the momentary rate of volume production, which couples
via the impedance at the combustor entrance (4) with the sys-
tem acoustics. In addition to this direct, local interaction,
there is a second mechanism that couples fluctuations of the
fuel mass fraction Y with the system acoustics. The adia-
batic flame temperature depends on Yr, and fluctuating mix-
ture composition will result in fluctuations of hot gas tem-
perature downstream of the flame (5), i.e. entropy waves.
These fluctuations in hot gas entropy are convected through
the combustion chamber (5-6) and couple at the choked com-
bustor exit (6) with the system acoustics.
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Figure 1. Sketch of a premixed combustor. 1 upstream plenum, 2
location of fuel injection, 2-3 fuel/air mixing section, 3-4 backward
facing step, 4-5 heat release zone, 5-6 combustion chamber, 6 exit
nozzle. The acoustic disturbances travelling in the down- and up-
stream direction are indicated as f and g (Riemann Invariants), the
entropy wave as s.

The relative phase between the acoustic signal at the com-
bustor exit and the pressure pulse generated by the entropy
wave determines whether the susceptibility of the combustor
to thermo-acoustic oscillations is enhanced or reduced by this
interaction of entropy waves with combustor acoustics. This
phase can be estimated in a straightforward manner by con-
sidering the various time lags involved in the propagation of
sound and entropy waves.
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Figure 2. Cycle increment ¢ vs. frequency f of plane wave eigen-
modes (k, =0) in the range 0 to 1000 Hz. Triangles — entropy
waves neglected. “x“ — entropy wave effects included.

Inhomogeneities in fuel mass fraction Y7 caused by pres-
sure fluctuations p5 and velocity fluctuations u, at the fuel
injector will result in fluctuations of the momentary heat re-
lease rate Q' after a time lag 7. This time lag is of convective
nature, i.e. it is the time required for convective transport
from the fuel injector to the region of heat release. Within the
framework of a quasi-1D, linear analysis, the coupling be-
tween fluctuations in velocity and pressure at the fuel injector
and heat release rate may be described by the following ex-
pression:

Oy __1p5t=1) _uy(t=7) .
0 2 Ap T ulx) M

Here the unprimed quantities denote mean values, and
Ap = pNozzie — p2 18 the mean pressure drop across the fuel in-
jector. The subscript Y is to indicate that only fluctuations
of the heat release rate due to modulations of mixture compo-
sition are taken into consideration. There may be other
mechanisms responsible for additional contributions to the
total unsteadiness in the heat release Q' (see below).

The first term on the right hand side of Eq. (1) is due to
variations in fuel mass flow rate 7y caused by pressure fluc-
tuations. A minus sign appears in front of the pressure term
in Eq. (1), because a momentary increase of pressure in the
premixing duct reduces the fuel mass flow rate,

./
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In a premixed low-emission combustion system, the pres-
sure drop Ap is often made quite large in order to provide
sufficient momentum for rapid mixing of fuel and combus-
tion air. In this case, the fuel injection system is “stiff”, i.e.
the fuel injection rate does not respond significantly to acous-
tic perturbations, and the first term on the right hand side of
Eq. (1) may be neglected.

However, even if the fuel injection system is stiff, acous-
tic perturbations of the air mass flow at the fuel injector u’
will cause fluctuations of the fuel mass fraction Y and sub-
sequently variations in the heat release rate Q'. This phe-

136

International Journal of Acoustics and Vibration, Vol. 6, No. 3, 2001



W. Politke, Ch.O. Paschereit, K. Débbeling: CONSTRUCTIVE AND DESTRUCTIVE INTERFERENCE OF ACOUSTIC AND ENTROPY WAVES

nomenon is accounted for by the second term in Eq. (1). The
minus sign is appropriate here, because a momentary in-
crease in air flow at the location of fuel injection will lower
the local fuel concentration and lead to a corresponding re-
duction in the heat release rate. As already mentioned, this
reduction does not occur instantaneously, but after a time lag
7, estimated to be equal to the residence time in the fuel-air
mixing section,

Lvix
T ?3)

For harmonic perturbations ~exp(iwt) with frequency w
the corresponding phase lag ¢ ¢ relative to u5 equals

po=n-wr, (4)

where the factor 7 is due to the minus sign in Eq. (1). The
generation of entropy waves, i.e. temperature inhomogenei-
ties, in the region of heat release is in phase with QY,. As
temperature inhomogeneities are convected downstream,
they undergo a phase change equal to —wtc, where
Tc = Lcluy, is the combustor residence time.

At the combustor exit, the flow accelerates into the tur-
bine, and the entropy wave produces a sound signal which is
reflected back into the combustor. At least for small Mach
numbers within the combustion chamber, the turbine inlet ap-
pears, to acoustic waves, similar to a closed end, i.e. incom-
ing acoustic waves are reflected without phase change. On
the other hand, one can show (see Eq. (42) below) that the
acoustic signal produced by an incoming entropy perturba-
tion is usually approximately opposite in phase to the entropy
wave. To summarise, the overall phase difference between
entropy perturbations generated at the flame and the acoustic
signal generated by these perturbations at the combustor exit
is approximately equal to

s = —wTCc+T. ®)

It remains to account for the phase lag ¢, between pres-
sure disturbances at the combustor exit and the velocity fluc-
tuations u, at the fuel injector. If a standing wave pattern
with upstream and downstream travelling waves of equal am-
plitudes is established in combustor and burner, this phase
difference will be close to £71/2. Its exact value will depend
on the location of the fuel injector and combustor exit with
respect to the wave pattern. However, if losses occur within
the system, or other than perfectly reflecting boundary condi-
tions are present, ¢, cannot be determined accurately without
detailed analysis of the wave fields. Further complications
arise with the phase shifts generated by the change in cross
sectional area between locations 3 and 4, which acts as an
element of negative or positive virtual length, depending on
the value of the acoustic impedance at the area change.

Finally, the following estimate for the relative phase ¢
between the reflection of fs and the pressure signal g gener-
ated by the interaction of the entropy wave and the nozzle is
obtained:

¢totalz¢Q+¢s+¢f:—CU(T+ Tc)+¢f. (6)

In the limit of linear acoustics, the acoustic and entropy
wave processes can simply be superposed upon each other,

and one may conclude that entropy waves will tend to en-
hance the susceptibility of the combustor to thermo-acoustic
oscillations whenever the relative phase ¢ is near 7 (or an
even multiple of 77). More precisely, constructive interference
between entropy and acoustic waves is expected for
—Tt/2 < 1o < /2. If this condition is not fulfilled, destruc-
tive interference should be expected; in this case the entropy
disturbances will enhance the thermo-acoustic stability of the
combustion system.

However, it is not clear from the above considerations
based solely on relative phases, whether the coupling mecha-
nism described will be of sufficient strength to significantly
influence the thermo-acoustic characteristics of a combustion
system. A simple quantitative model of a combustion system
as shown in Fig. 1, which has been developed to answer this
question, is described in the next Sections. First we derive
the transfer functions for acoustic fluctuations of velocity '
and pressure p’ across a thin flame sheet from the conserva-
tion equations for mass, momentum and energy. It is found
that these coupling relations include terms which depend on
fluctuations of the heat release rate Q'. Closure for the trans-
fer functions is achieved with the help of Eq. (1), which de-
scribes how fluctuations of the heat release rate depend on
acoustic perturbations and the mean flow field at the fuel in-
jector and in the premixing section, respectively. In addition,
a model for acoustic driving due to coherent vortical struc-
tures is proposed. The source term for entropy waves result-
ing from fuel modulations is then introduced, followed by a
brief description of the exit boundary conditions. Finally,
both the thermo-acoustic stability of the homogeneous sys-
tem as well as the acoustic response of the system to an inho-
mogeneity is computed with and without consideration of en-
tropy waves.

3. LINEARISED RANKINE-HUGONIOT RELATIONS FOR
ACOUSTIC FLUCTUATIONS

In this Section, the relations coupling fluctuations of ve-
locity and pressure across a compact premixed flame are de-
rived. Following Chu' and Keller et al.,*’ the premixed
flame is considered as a flame sheet, i.e. as a discontinuity of
negligible thickness where heat is added to the otherwise is-
entropic flow of an ideal gas.

In the steady case, conservation of mass, momentum and
energy across a flame sheet with a given rate of heat addition
per unit mass ¢ may be written as

[pul =0; (7
[p+pu*]=0; ®)
[h+%u2]:q, )

where [x] :=x, —x. is the difference of a quantity x across
the discontinuity. The subscripts ¢ and /4 refer to the cold and
hot states, respectively. To close this system of equations,
further relations are needed.

The equation of state of a perfect gas is

P

5 =R, (10)
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where R denotes the gas constant, (J/kg:K). Combining this
with the definition of the speed of sound c¢ in isentropic flow,

2_ )

= (11)
one obtains ), 7
Ch h

(&) =7, (12)

if it is assumed that [R] = [y] =0.
For an ideal gas, the enthalpy h=cpT=e+p/p with
e =cyI may be expressed in terms of pressure and density as

y D
T (13)
where  is the ratio of specific heats y = c,/c,.

Employing Egs. (11) and (13), the energy equation may
be rewritten as

[ ¢’ +%u2]:q. (14)

Expanding this expression in terms of the Mach number
M= u/c one obtains:

ch\? y-1_ 0
(&4) =1+ 55 +OMP), (15)
where O = pugq is the rate of heat addition per unit area. Simi-
larly, if the ratio of pressure and density is expressed in terms
of the speed of sound and the ratio of specific heats, then the
momentum equation yields

y—1 0

Un i
Delic

=1+ +O(M?). (16)

Alternatively, one can eliminate velocity and density from
the momentum equation to derive a relation for the pressures:

DPh
De = 1-(y— 1)chuc MZ?+0 (M.

(17

Note that combining Egs. (12) and (15) yields the useful
relation

=

<
|

1

Zh _1=4—

(18)

3
<

Pclc’

which shall be used in the following.

Now consider the presence of (small) acoustic fluctua-
tions, i.e. p - p+p', where p’ < p and similarly for all other
quantities of interest, i.e. u,c,p,T and Q. The relations be-
tween fluctuating quantities up- and downstream of the flame
sheet are obtained by expanding the relations Eqgs. (15)-(17)
and keeping only terms of first order in acoustic quantities.
For the pressure, one may proceed as follows. First rewrite
Eq. (17) as

Qu.

ct

ph=pc—(—1) (19)

Then introduce fluctuations p’,u',¢' and Q'. Using rela-
tions ¢? = yp/p, Eq. (18) and

' y=1 . ou

o= —TM27, (20)
which follows from the compressible steady Bernoulli equa-
tion, the following coupling condition for velocity fluctua-

tions is derived:

! !
u},:u'c-i-(%—l)uc(%—z—z),

which is accurate to first order in Mach number. The corre-
sponding expression for pressure fluctuations p’ is obtained
in a similar manner:

T, u, Q'
Ph=pe —(le - 1)/)0”% (u_L + 6}

It is easy to show that the pressure drop (the second term
on the right hand side of the above equation) itself is of first
order in Mach number, since deviations from Eq. (22) are
second order in Mach number.

With the important exception of the terms involving fluc-
tuations of the heat release Q', we have reproduced here the
equations given by Keller.” Note that it is assumed that en-
tropy inhomogeneities are absent upstream of the zone of
heat release.

To achieve closure for the flame transfer matrix, assump-
tions concerning the response of the heat release rate to
acoustic fluctuations must be made, so that the variations of
heat release rate Q' can be expressed in terms of the fluctua-
tions of velocity #' or pressure p'. The closure model used
here is based on time-lagged equivalence ratio modulations
as described by Eq. (1). Fluctuations of velocity at the fuel
injector at an earlier time #—7 modulate the momentary rate
of the heat release rate QY, (). Without essential loss of gen-
erality, it is assumed that the fuel injector is stiff and neglect
the first term on the right hand side of Eq. (1). This closure
model leads to a homogenecous system of equations (see be-
low), comprising several feedback loops between pressure,
velocity, heat release rate, fuel concentration and entropy.

In addition to heat release rate modulations caused by
equivalence ratio variations, we consider fluctuations in the
momentary consumption rate due to the existence of coherent
vortices in the flow, which modulate the rate at which fresh
mixture and hot gas are mixed and subsequently burned. For
this mechanism, we use the simple model proposed by
Keller:’

1)

(22)

!
Q—QQ = e, (23)
which provides acoustic driving by the flame. Here the pa-
rameter € stands for the fraction of the total fuel, perhaps a
few percent, which is entrained by coherent structures and
consequently releases its heat of reaction in an unsteady man-
ner. This is admittedly a very crude model, and since the
original publication of the ideas presented here,'"™ a more
elaborate formulation for an acoustic source term due to co-
herent structures has been developed and experimentally
verified by Paschereit et al.'* This formulation could also be
used here without essential difficulty. However, the purpose
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of the present analysis is to gain qualitative insight into the
interactions of entropy waves with combustor acoustics. In
this respect, the present work would not benefit from a more
complicated formulation for the driving term and therefore
the simple model Eq. (23) is used. Note that if the term Eq.
(23) is introduced, the resulting system of equations is inho-
mogeneous. Rather than determining the stability of the sys-
tem with respect to self-excited instabilities, its response to
the inhomogeneity is then the quantity of interest.

4. SOURCE TERM AND BOUNDARY CONDITION FOR
ENTROPY WAVES

Heat release rate fluctuations QY, due to fluctuations in
the fuel mass fraction Yy result in fluctuations of the hot gas
temperature 7, and therefore lead to the generation of en-
tropy non-uniformities. These entropy non-uniformities trig-
ger acoustic disturbances when convected into the exit sec-
tion of the combustion chamber.

The second law of thermodynamics s'=c,T'/T; com-
bined with Eq. (1) gives the connection between acoustics
and the generation of entropy non-uniformities at the location
of the flame:

/ CpT/ (1 &j Q,YF __
b 0

_ (1 T)u(xz_f—f)
s =", T, Cp .

T ) uc(x2)
(24)

Note that here Mach number corrections are neglected,
which is usually appropriate.

Coupling between entropy disturbances and the combus-
tion chamber acoustics can occur whenever a pressure gradi-
ent is present, e.g. in regions of varying cross-section, or at a
critical cross section. Marble and Candel’> have shown that
the following relation holds on both sides of a compact criti-
cal nozzle:

oM pt My
Kl 2l E (25)
Linearising p = p” exp{(s —s0)/c, }, one obtains
! !
p_p
T (20)

Combining the last two equations yields a coupling be-
tween entropy and acoustics as well as the required boundary
condition for the acoustics at the exit 6 of the combustor:

/!
Uup Se

2 Cp>

y=1 pg

u/6=M6 2 PiCh

27

where Ms denotes here the Mach number just upstream of
the nozzle.

5. HIGHER ORDER MODES

The analysis as it has been presented so far is not re-
stricted to plane waves. Higher order modes in rectangular,
cylindrical or annular cavities may be discussed within the
present framework by introducing a perpendicular wave

number k,. For example, consider the structure of the eigen-
modes in a three-dimensional cavity of rectangular cross-
section of width a and height 5. The pressure distribution of
the mode (1, 1) in such a cavity is given by Munjal'®

P (x,y,2) = (4e™™* + Be™™*) cos (%y) cos (%z) (28)

with
@=(2) -k

=) ()

Similar expressions may be derived for the cases of cylin-
drical or annular combustor geometries." Also, the effects of
mean flow — which are of first order in the mean flow Mach
number — on the propagation of acoustic waves may be in-
cluded without essential difficulty. This has not been done in
the present analysis in order to allow for a more straightfor-
ward presentation of the main results.

Using axial and perpendicular wave numbers 4, and k.,
one can describe the pressure and velocity distribution of
non-plane modes in cylindrical or annular cavities. However,
what are the proper boundary conditions in this situation? In
annular combustors, as they are typically found in modern
gas turbines, it is in general true that the height of the com-
bustion chamber, the diameter of the burners, and the width
of the flow passages between the turbine inlet guide vanes
are much smaller than the circumference of the combustor. It
follows that radial modes need not be considered, and that for
the lowest azimuthal modes the burners and the turbine inlet
passages are azimuthally compact, i.e. their dimensions in the
tangential direction are much smaller than the wavelength of
the azimuthal modulation of the pressure and velocity field.
One may conclude that the relation Eq. (27) is also appropri-
ate as the downstream boundary condition for azimuthal
waves in an annular combustor, and similarly for the burner
on the upstream side of the combustion chamber. As one of
the reviewers has pointed out, use of the relation Eq. (27) is
not permitted in the case of a radial or circumferential mode
in a cylindrical duct terminated by a single nozzle.

(29)

(30)

6. SIMPLE QUANTITATIVE MODEL OF A PREMIXED
COMBUSTOR

Using the relations established in the above sections, a
simple yet quantitative model of a premixed combustor as
shown in Fig. 1 is now constructed and subsequently its
thermo-acoustic properties are analysed. The goal of the
analysis is to establish whether interference of acoustic and
entropy waves can be strong enough to have an effect on the
thermoacoustic stability or response of a combustion system,
and to check to what extent the simple stability arguments
based on relative phases are confirmed by the model’s behav-
iour.

From a plenum 1 air enters a fuel injection section 2,
passes through a mixing section of length Lygx until it en-
counters at 3 an expansion in cross sectional area with the
area ratio a =A3/A4. The flame front is located between 4
and 5. Within a short distance downstream of the combustor
exit 6, a compact choked nozzle is located.
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For matters of convenience, the model is formulated in
terms of the Riemann invariants f and g instead of the fluc-
tuations of pressure p’ and velocity «/'. The Riemann invari-
ants f, g — sometimes also referred to as p'* and p'~ — are
fundamental solutions of the wave equation and may be in-
terpreted as acoustic waves travelling in the positive (down-
stream) or negative (upstream) direction, respectively. Note
that the following relations hold between fluctuations of ve-
locity #' and pressure p’ and the Riemann invariants

e =/+g: 31
and
u' =1~ 9. (32)

where y = /1 — (ku/k)? .
Using the Riemann invariants, the combustion system

sketched in Fig. 1 can be modelled as the following set of
equations:

* At location 1, assume (for simplicity) that in the burner
plenum p| = 0.

* At location 2, the difference in mean pressure between
the burner plenum and the location of fuel injection (2)
can be described by

¢
p2=p1=—5pu3,

where { is an appropriate pressure loss coefficient. Lin-
earising this relation yields in combination with the ple-
num condition at 1
Satg2=—LMrya(f2-g2). (33)
Note that with this formulation, the variables fi,g: in the
burner plenum do not appear at all in the system of equa-

tions representing the combustor.
* From locations 2-3:

—ikxLmix 0
[ng}:(eo e”kaM“J(J;ZJ’ -

where Lwix is the length of the fuel-air mixing tube. Note
that in this expression, kx = w/c. for plane as well as non-
plane waves, because by assumption the mixing tubes are
azimuthally compact.

e At location 4, conservation of mass and momentum
across the change in cross-sectional area yields:

Jo | 1| 1+a l1-a f
g4 T2 l-a 1+a 23 )
* At location 5, the Rankine-Hugoniot relation Eq. (22) for
pressure yields:

(35)

E(fs+g5)=fa+ga —(%’ - 1)M4 X

[use —ae ™ yo(fa —g2) + ya(fa—ga)l, (36)

with & = (pscs)/(paca) being the ratio of specific imped-
ances. Note that the relation u4/u2 = a, which couples the
mean velocities on the cold side of the flame and at fuel
injection, has been employed. Correspondingly for veloc-

ity

T
x5(fs —gs) = xa(fa—ga) + (Ti - 1) X

(s —ae ™ yo(fo — g2) — yMa(fa +g4)]. (37)
For the entropy, Eq. (24) yields:
Bsi=-a(F-1]epnh-g.  G8)
* From locations 5-6:
L) e

for the acoustic waves, determining k. from Eq. (29) with
¢y, as the appropriate value for the speed of sound. For the
entropy, there is simply a change in phase due to convec-
tive transport,

55 = el (40)
where it has been assumed that the convective velocity
within the combustion chamber does not vary signifi-
cantly away from the nozzle and is equal to the velocity

us right after the flame front.
* Finally, the nozzle exit condition at 6 is:

M s¢
Z6(fs —g6) = TG(w —1)(fs +g6) + chﬁ]. (41)
Note that for the limiting case of low Mach numbers,

Up "
6
2epp ™

g6 = f6— (42)

i.e. the reflected pressure signal g6 is opposite in phase to
the incoming entropy wave sg, provided that y is a real
number.

7. RESULTS

In the following, we discuss solutions of the system of
Egs. (33)-(41) for a premixed combustor as shown in Fig. 1.
Model parameters were chosen to correspond, in order of
magnitude, to those of premixed combustors of stationary gas
turbines: operating pressure p = 1.9 x 10° Pa, speed of sound
¢ =550 m/s and c, =800 m/s upstream and downstream of
the flame, respectively, fuel injector loss coefficient { =2,
Mach number at fuel injector M> =0.1, mixing tube resi-
dence time 7=1 ms, combustor residence time 15 ms, and
area ratio a = 0.3.

For the flame forcing amplitude € of the driving term
Eq. (23), we choose either € =0.05, i.e. we assume that 5%
of the fuel injected is burned in an unsteady fashion, or we
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assume that the influence of coherent vortical structures on
heat release fluctuations is negligibly small and set € =0. In
the latter case, the linear stability of the system against self-
excited instabilities can be investigated by searching for ei-
genfrequencies w, which satisfy the characteristic equation
of the system or by using graphical methods derived from
those commonly used in control theory.' In the present
model, all transfer matrices are given analytically and it is
most convenient to determine eigenfrequencies @, and cor-
responding eigenvectors by numerical root-finding proce-
dures. The stability of the system is then determined by the
imaginary part of the eigenfrequencies. With the sign con-
vention used in this paper, a mode m is unstable if its imagi-
nary part 3(wsm) <0. An indicator for stability more intuitive
than the imaginary part of the eigenfrequencies is the cycle
increment ¢, defined as

S(wm) = exp{—%} -1.

The cycle increment of an eigenmode equals the percent-
age by which the amplitude of an infinitesimal perturbation
grows during one cycle of the oscillation; negative cycle in-
crements indicate stability.

In the case of non-zero flame forcing, one can in general
solve explicitly for the response of the system to the inhomo-
geneity. The amplitudes of fluctuations are in the linear case
proportional to the forcing amplitude €. In the following, us-
ing the equations presented in the previous section of this pa-
per, the impact of entropy waves on both the stability and the
response of the combustion system shown in Fig. 1 for the
lowest plane and non-plane eigenmodes is explored. This is
done by comparing results of stability analysis and response
calculations, which consider entropy effects against corre-
sponding analyses where the coupling of entropy waves with
combustor acoustics has been neglected.

To obtain an order of magnitude estimate for the fre-
quency of the fundamental mode of the combustor, one might
argue as follows. In the limit of vanishing Mach numbers, the
combustor should behave very roughly like a simple duct
with an acoustically open end towards the burner plenum and
a closed end towards the turbine inlet. With the values cho-
sen for the speed of sound c; =800 m/s and combustor
length Lc=0.5 m, the eigenfrequency of the corresponding
1/4-wave mode is fo =400 Hz. Indeed, Fig. 2, which shows
eigenfrequencies obtained from stability analysis without en-
tropy indicates that there is an eigenfrequency near 370 Hz,
although the cycle increment ¢=—0.86 suggests that this
mode is very strongly damped. The next eigenmode is found
near 880 Hz, which although it is obviously not the fre-
quency of the 3/4-wave mode is strongly unstable (¢ = 0.34).

It might at first seem surprising that the fundamental
mode at 370 Hz is so strongly damped. However, the results
of the stability analysis are corroborated by the correspond-
ing response calculations, where — neglecting entropy ef-
fects — a resonance peak is found around 880 Hz (see
Fig. 3), while the response of the acoustic system to the forc-
ing is very weak near 370 Hz (not shown). The following ex-
planation for the stability and the correspondingly weak re-
sponse of the 1/4-wave mode may be offered. Fluctuations of
heat release produce mainly, i.e. to 0-th order in Mach num-
ber M4y — see Eq. (21) — fluctuations of velocity and only to

Ist order in Mach number fluctuations in pressure. In other
words, as far as thermo-acoustic phenomena are concerned, a
perturbed heat source is primarily a “fluctuating source of
volume”. Near 370 Hz, the impedance Z4 = p/u), at the loca-
tion of heat release (4) (see Fig. 1) is very small and the vol-
ume fluctuations produced by QY, cannot couple effectively
with the pressure field inside the combustor. The observation
that the response calculation predicts pj ~ 0 at 400 Hz, where
the impedance Z4 =0, lends additional support to this argu-
ment. Furthermore, consider that the only dissipative loss
mechanism in the system of Egs. (33)-(41) is associated with
the pressure loss between the burner plenum (1) and the loca-
tion of fuel injection (2). For non-zero Mach number M,
losses will be large if the fluctuations of velocity u5 at the
fuel injector are large — and this is obviously the case for the
1/4-wave mode.
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Figure 3. Amplitude of pressure fluctuations for plane waves
(k. =0) at the flame front (Position 4). Response with (solid line)
and without (dashed line) the coupling of entropy waves with the
combustor acoustics. The frequency range in this plot covers the
first resonance peak.

Let us now turn to the results obtained with entropy ef-
fects included. Figure 2 indicates that in this case a large
number of additional eigenmodes appear, all of them stable.
The frequency interval between these modes is approxi-
mately 62 Hz, which corresponds very nicely with the total
time lag t+7¢c=0.016 s. A similar spacing in frequency is
found for resonance peaks in the range 750-1000 Hz shown
in Fig. 3. The deviations in amplitude between response cal-
culations with and without consideration of entropy waves
confirm that entropy waves can indeed couple constructively
as well as destructively with the combustor, as was argued
above. For the chosen parameter values, the primary reso-
nance peak near 880 Hz is shifted to 905 Hz, while the am-
plitude more than triples if entropy effects are included in the
response computation. Clearly, the entropy-induced pressure
disturbances and the pressure field induced by vortex shed-
ding and combustor acoustics can interfere constructively as
well as destructively. Constructive interference occurs not
only at one base-frequency corresponding to an entropy
mode (approximately 76 Hz in the present case, see the first
mode in Fig. 2), but also at higher frequencies. In that case,
several “hot spots” are present in the combustor at any given
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moment, travelling downstream. In other words, the wave-
length of the entropy disturbances is, in this situation, only a
fraction of the combustor length.

The stability calculations, see again Fig. 2, show that the
cycle increment of the mode near 370 Hz increases signifi-
cantly due to entropy effects. This behaviour is explained as
follows: although fluctuations of heat release in a region of
low impedance Z cannot directly couple with the pressure
field, they may very well generate entropy waves, which in
turn generate pressure perturbations at the combustor exit. In
general, this may result in self-excited combustion instability;
for the present values of parameters all modes around 400 Hz
display a negative cycle increment and are therefore stable.
On the other hand, the mode near 880 Hz, which was found
to be strongly unstable even without entropy effects, seems
to be unaffected by entropy waves. An explanation for this
result is also readily found. For a strongly unstable high fre-
quency mode, the exponential factor in Eq. (40) will be very
small, and consequently the amplitude of entropy perturba-
tions at the exit s will be too small to generate a noticeable
acoustic signal. We consider this effect to be to some extent
an artifact of our simple model, where dissipative and disper-
sive effects have been largely neglected, which makes possi-
ble very large cycle increments. More realistic models of
thermo-acoustic systems do in general not exhibit cycle in-
crements larger than a few percent, and in such a situation
the exponential factor in Eq. (40) would be of order unity. In
other words, a change in the stability of a mode due to en-
tropy effects could then be observed.

It is interesting to check whether the qualitative argu-
ments involving relative phases are supported by the compu-
tational results. An analysis of the results of the response cal-
culations reveals that the phase relations Egs. (4) and (5) hold
exactly. On the other hand, as was mentioned already, it is in
general not easy to estimate the phase ¢y — see Eq. (6) —
between velocity fluctuations 5 at the fuel injector and the
pressure py at the combustor exit. For Helmholtz mode oscil-
lations at low frequencies, py is approximately in phase with
ph, and from Eq. (33) it follows that fluctuations of pressure
and velocity are 180° out of phase. Indeed, ¢~ m was found
for frequencies below 100 Hz. However, at higher frequen-
cies such simple relationships cannot be established. For ex-
ample, it is found that ¢ ranges from —1.2 to —1.4 radians in
the frequency range 750 to 1000 Hz. Nevertheless, with ¢
determined from the solution of the inhomogeneous system
of Egs. (33)-(41), we find that indeed the interference of en-
tropy and acoustic waves is constructive when the phases
are more or less aligned with respect to each other, i.e.
—7t/2 < Proral < 7/2, and destructive otherwise, see Fig. 4. On
the other hand, it is obviously not true that amplification or
suppression is strongest whenever ¢y is near 7 (or a multi-
ple thereof). This is due to two reasons. Firstly, we have as-
sumed idealised boundary conditions (M — 0) when estimat-
ing the phase between convective and pressure waves at the
combustor exit and the fuel injector. Secondly, there is addi-
tional interference between the heat release fluctuations Qg
due to flame forcing (see Eq. (23)) and those due to equiva-
lence ratio modulations (see Eq. (1)), which will influence
the overall response to the excitation mechanism.

This concludes the presentation of results for plane
waves, and we turn to a non-plane mode with k, set to
1.25 m™". For an industrial gas turbine, this could correspond

to the first-order circumferential mode. Eigenfrequencies for
non-plane waves with frequencies less than 400 Hz are
shown in Fig. 5. Results obtained both with and without con-
sideration of entropy waves are presented in this graph.

w/o entropy l ! ¢Total

Ip'/
4

f(Hz)

800! 50 | 900 © 950 % 1000
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Figure 4. Solid line: Ratio of pressure amplitudes obtained with and
without entropy wave effects. Dashed line: Total phase ¢ . Strong
amplification of the response due to entropy wave effects is ob-
served for —7/2 < ot < 7/2.

Figure 5. Cycle increment ¢ vs. frequency f of non-plane wave ei-
genmodes (k, =1.25 m™") in the range 0 to 400 Hz. Triangles —
entropy waves neglected. “X*“ — entropy wave effects included.
Shown are also results from response computations for non-plane
modes: the total relative phase ¢ (dotted line) and the ratio of
pressure amplitudes obtained with and without entropy effects (solid
line).

The cut-on frequency (the cut-on frequency f, is the ei-
genfrequency of a purely azimuthal wave with & =0, there-
fore (2nf./c)? =k?) of the combustor equals f. ~ 160 Hz
(with the value ¢, = 800 m/s chosen for the speed of sound in
the combustor). It follows that the first eigenmodes near 50,
94 and 143 Hz are all evanescent. Without consideration of
entropy, only one propagating mode with =387 Hz is found
in the frequency range considered. This mode is akin to a
1/4-wave mode, and as for the plane-wave case, the cycle in-
crement ¢ is negative because of the small impedance at the
location of heat release and high dissipative losses at the
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burner inlet. When entropy effects are included, we observe
again that a large number of additional eigenmodes appear,
with a frequency spacing approximately equal to the inverse
of the total convective time lag 7+ 7¢ for entropy waves. The
two modes found without consideration of entropy both be-
come less stable with the inclusion of entropy waves. How-
ever, only the evanescent mode near 94 Hz actually becomes
unstable. For the chosen parameter values and in the selected
frequency range, this is actually the only non-plane unstable
mode found.

A comparison of the responses to flame forcing with and
without entropy effects included is shown in Fig. 6. Again
we find the characteristic modulation due to alternatingly
constructive and destructive interference of the entropy waves
with the combustor acoustics. With entropy waves consid-
ered, the strongest response is found near 143 Hz; while the
peak found near 94 Hz without entropy effects is reduced to
approximately one third of its original amplitude. This is a
surprising result, considering that the corresponding eigen-
mode in the stability calculations was destabilised by the in-
terference of entropy and acoustic waves. This unexpected
behaviour is reflected also by the phase relationships (also
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Figure 6. Amplitude of pressure fluctuations for non-plane waves
(k. =1.25 m™) at the flame front (Position 4). Response with (solid
line) and without (dashed line) the coupling of entropy waves with
the combustor acoustics.
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Figure 7. Changes in frequency (left) and cycle increment (right) of the first and second non-plane modes as entropy is “switched on” (i.e.

Cs from 0 - 1).
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shown in Fig. 5). For the propagating modes above 160 Hz,
the frequencies of the eigenmodes correspond well with those
of maximum amplification and are within those frequency
bands where the total relative phase ¢ lies between —7/2
and +7/2. These relations are still satisfied for the mode at
143 Hz, but hold no longer true for the other evanescent
modes near 93 and 50 Hz. For these two modes, the response
is minimal when @ ~0, and the eigenmode near 50 Hz
shows ¢ ~—2. That is the phase relationship is now such
that entropy waves interfere destructively with the combustor
acoustics. The following explanation is proposed for these
findings. The arguments based on the relative phase of en-
tropy and pressure perturbations at the combustor exit are no
longer adequate for evanescent waves with an imaginary ax-
ial wave number k. Indeed, for an evanescent wave, the fac-
tor y appearing in Eq. (32) is a complex-valued number and
Eq. (42) then shows that in this case the entropy and reflected
pressure waves at the combustor exit are no longer opposite
in phase. To predict the system behaviour, a detailed analysis
of the interactions between the various interacting feedback
mechanisms involved is required, which can only be pro-
vided by the solution of the full system of Egs. (33) to (41).

To establish how, despite these complexities, the eigen-
modes found with and without entropy correspond to each
other, we show in Fig. 7 changes in eigenfrequency and cycle
increment as entropy effects are gradually “switched on”. To
generate the graphs shown in the figure, a factor Cs has been
introduced on the right hand side of Eq. (38) and varied from
0 to 1. Obviously, with Cs =0, entropy waves are ignored,
while with Cs =1, entropy effects are included. With inter-
mediate values of Cg, the eigenfrequencies can be tracked
continuously through intermediate states. Although these in-
termediate states do not correspond in the present context to
a physically realistic situation, the results illustrate nicely that
frequency and cycle increment of the mode near 90 Hz —
which is one of the eigenfrequencies found without entropy
— increase continuously with both frequency and growth
rates increasing from 93 to 94 Hz and from —0.33 to +0.60,
respectively, as the coupling with entropy is switched on.
The situation is different for the mode observed near 50 Hz
when entropy effects are considered. Here discontinuous
jumps in frequency and cycle increment to the values of the
90 Hz mode are observed at Cs =0, suggesting that in this
case a strong correspondence between modes observed with
and without entropy cannot be established.

We conclude the presentation of results with Fig. &,
which shows how the frequency f'and the cycle increment ¢
of the 90 Hz eigenmode mentioned previously change with
combustor residence time 7¢. Note that when generating the
data shown in this plot, only the parameter ¢ appearing in
Eq. (39) has been changed, no corresponding changes in
combustor length Lc or flow velocity u; have been imple-
mented. The qualitative analysis, based on relative phases
discussed above, suggests that the interaction between en-
tropy and acoustic waves should react in a very sensitive
manner to changes of the combustor residence time. This is
confirmed by the numerical results. When 7¢ is varied be-
tween 10 to 35 ms, the eigenfrequency of the mode consid-
ered decreases from 120 to 50 Hz, while the cycle increment
first increases to a value around 0.6 and then decreases to
—0.4. This indicates that the mode is very strongly damped
for this value of combustor residence time.
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Figure 8. Changes in frequency (top) and cycle increment (bottom)
of the second non-plane modes (“90 Hz mode” for 7¢ =15 ms) as
combustor residence time 7¢ varies from 10 to 35 ms.

8. DISCUSSION AND CONCLUSIONS

It has been argued that the coupling between entropy
waves and combustor acoustics at a choked exit can strongly
influence the acoustic response of a combustor, even at fre-
quencies that are higher than those associated with combus-
tor residence times or — more generally speaking — convec-
tive time lags. Depending on the relative phase between en-
tropy fluctuations and combustor acoustics, entropy effects
can enhance as well as reduce the susceptibility of a combus-
tion system to thermo-acoustic oscillations.

Some of the phase relations involved in this interaction of
acoustic and convective waves may be estimated in a
straightforward manner from consideration of the various
time lags and phase jumps involved in the propagation and
interaction of acoustic and convective waves. At least for
plane waves in the limit of low frequencies, such considera-
tions allow a first estimate of the impact of entropy waves on
combustion stability. However, in general it is not possible to
determine all relevant phase relations without a more detailed
and quantitative analysis of the wave propagation processes
in the combustion system. Also, phase relations alone do not
provide an answer to the question, whether the coupling of
entropy waves and combustor acoustics is strong enough to
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significantly influence the combustion system’s thermoa-
coustic behaviour. Therefore, an idealised, quasi-1D, quanti-
tative model of a premixed combustor has been formulated,
which allows one to compute the response to acoustic driving
by unsteady heat release as well as determine the stability
against self-excited combustion instabilities.

We emphasise that the model presented in this work was
designed to illustrate, clarify and formulate mathematically
ideas concerning interference of convective and acoustic
waves. To this purpose, we have neglected phenomena like
dispersion of fuel inhomogeneities or “hot spots” by turbu-
lent diffusion or convective transport, distributed heat release
or distributed fuel injection, vortical velocities, etc., which
would make the presentation much more complex and harder
to follow. Also, dissipative losses of acoustic energy, e.g. at
the burner dump plane or the liner walls, have not been con-
sidered. As one result of these simplifications, growth rates
have been observed which must be judged to be unrealisti-
cally large. Nevertheless, it is expected that the model produ-
ces physically reasonable results and predicts realistic trends.

Response calculations and stability analyses carried out
with the model confirm that indeed the coupling between en-
tropy and acoustic perturbations at the exit nozzle can be
strong enough to significantly influence the frequencies and
growth rates of the system’s eigenmodes. Also, once entropy
effects are introduced, a large number of additional modes
appear, which have no counterpart in a model formulation
which ignores such effects. These additional modes appear in
general to be stable with respect to self-excited combustion
instabilities. A detailed analysis of solutions obtained with
the model confirms that simple arguments, based on relative
phases between entropy and acoustic waves, are roughly ful-
filled. Deviations from this kind of reasoning can be ex-
plained with the idealised treatment of boundary conditions
and the interference of heat release fluctuations due to
equivalence ratio fluctuations with the forcing term. Moreo-
ver, it is generally true that modes which respond strongly to
driving by an inhomogeneity are also prone to self-excited
instabilities and vice versa. An exception to this rule has been
observed for evanescent non-plane modes.

Since the first presentation of the ideas presented in this
paper,'" Sattelmayer'” has carried out a detailed stability
analysis of a model combustion system similar to the one
presented here, with the important difference that the disper-
sion of fuel equivalence ratio and entropy modulations by the
mean flow are taken into account. Supporting some of our ar-
guments, Sattelmayer emphasises the importance of relative
phases and also points out that the superposition of convec-
tive and acoustic waves can in principle stabilise as well as
destabilise a combustion system. It is concluded that for real-
istic thermo-acoustic analysis, the dispersion of convective
waves must be taken into account while it is not mandatory
to incorporate entropy waves in the stability analysis of a gas
turbine combustor.

We certainly agree that the dispersion of convective
waves must be treated properly when a realistic analysis of a
thermo-acoustic system is attempted. We also concede that
for high frequency modes, say the 880 Hz plane mode dis-
played in Figs. 2 and 3, the dispersion of the entropy waves
is, for realistic mean flow distributions, in all likelihood so
strong that the effect of entropy waves on combustion noise
or instability is very weak. On the other hand one should

keep in mind that Sattelmayer'” has considered only plane
waves. For non-plane waves the axial wave number ky is
much smaller than for plane waves, which means that disper-
sive effects will be correspondingly weaker. Also, Fig. 8
shows very clearly that the growth rates achieved depend
very strongly on system parameters which control the relative
phases. It is not clear from the results presented whether the
parameters used by Sattelmayer'” were adjusted for optimal
phase alignment. In other words, with a different set of pa-
rameters, a strong response to entropy waves may be ob-
served even when dispersion of convective waves is taken
into account. We therefore affirm our original conclusion'>"
that the thermo-acoustic analysis of a combustor with a
choked exit should in general include the effects of entropy
waves, and that — as the title of this paper suggests — care-
ful tuning of convective time lags against combustor reso-
nance frequencies can aid in suppressing self-excited com-
bustion instabilities.

Stability criteria for premixed combustion based on the
relative phases between convective and acoustic waves as
they have been discussed in this work have also been inde-
pendently developed and used by other authors, see e.g.
Janus and Richards™ or Lieuwen et al." Such criteria are un-
doubtedly very useful for the conceptual development and
analysis of feedback loops involving convective and acoustic
waves. Unfortunately, experience shows — see e.g. Fig. 10
in Janus and Richards™ or Fig. 8 in Lieuwen et al."” — that
stability criteria based solely on the relative phases of pres-
sure and fuel equivalence ratio fluctuations are at best a nec-
essary but not sufficient criterion for instability to occur. In
other words, quite frequently an instability is not observed in
spite of matching phases. Dissipative losses of acoustic ener-
gy" and dispersion of convective waves can be held respon-
sible for these observations. However, it has also been ob-
served that an instability can occur in regions where the
phase-based stability criteria suggest otherwise."

The arguments developed in this work and the results ob-
tained with the quantitative, detailed model point to other
possible explanations for these observations.

1) interference of acoustic and entropy waves at a choked
cross section,

2) errors in the prediction of relative phases due to the ideal-
ised treatment of boundary conditions or the neglect of
phase jumps at area discontinuities,

3) interaction of two (or more) mechanisms of heat release
modulation, e.g. fluctuations of equivalence ratio and co-
herent structures, but also flame front dynamics or
chemical-kinetic time lags, and

4) small impedance at the location of the heat release.

Only detailed analysis of the test rigs, including a realistic
treatment of convective wave propagation and dispersion, of
dissipative losses, of boundary conditions and of the flame
front dynamics can show which of the effects mentioned is
dominant in controlling thermo-acoustic instability in pre-
mixed combustion systems.
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