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Perforated mufflers are widely used in automotive intake and exhaust systems and need to be properly designed.
However, multi-objective optimization in practical perforated muffler designs usually involves finite element or
boundary element models, which demand a higher computation time for evolutionary algorithms. In this paper,
an approximate model for transmission loss (TL) predictions is established by correcting the thickness correction
coefficient in the transfer matrix using the data calculated by the finite element model (FEM). The approximate
model is computationally cheap and applicable for TL predictions above the plane wave cut-off frequency. A
popular evolutionary algorithm, NSGA-, amalgamated with the approximate model, has been adopted to carry
out the multi-objective optimization of a multi-chamber perforated muffler. The goals of optimization are to
maximize TL at the target frequency range, as well as to minimize the valleys of TL and the size of the muffler.
Both transmission loss and insertion loss of the optimized muffler are measured. Numerical and experimental
results are in good agreement and show significant improvements of acoustic performance precisely at the target
frequency range. Consequently, the combination of the approximate model and the NSGA- algorithm provides a
fast, effective, and robust approach to co-axial perforated muffler optimization problems.

NOMENCLATURE

a Radius of perforated holes (m)
b Distance between two perforated holes (m)
c Sound speed (ms−1)
d Inner tube diameter (m)
D Outer tube diameter (m)
dh Diameter of perforated holes (m)
f Frequency (Hz)
ω Angular frequency (ω = 2πf )
k Wave number (k = ω/c)
j Imaginary unit
l Total length of the chamber (m)
lc Length of the perforated segment (m)
la Length of the non-perforated segment near inlet (m)
lb Length of the non-perforated segment near outlet (m)
p Acoustic pressure (Pa)
Re Expansion ratio (Re = D/d)
Rl Perforated length ratio (Rl = lc/l)
t Thickness of inner tube (m)
te Equivalent acoustic thickness (m)
u Acoustic particle velocity (ms−1)
ρ Air density (kg·m−1)
µ Dynamic viscosity of air (Pa·s)
ζp Specific acoustic impedance of the perforated tube
Ap Acoustic admittance of the perforated tube
Rh Specific resistance of acoustic impedance
α thickness correction coefficient
η Porosity of the perforated tube

1. INTRODUCTION

Perforated mufflers have been widely used for reducing
noise in automobiles, compressors, venting systems, etc. Var-
ious methods have been developed to predict the acoustic per-
formance of perforated mufflers. The transfer matrix method
based on the plane wave theory is the earliest and fastest
method. Sullivan and Crocker1 first analysed the acoustic wave
propagation in a co-axial perforated muffler and presented the
coupled differential equations. Jayaraman and Yam2 then pre-
sented a decoupling solution for Sullivan and Crocker’s1 equa-
tions and provided the transfer matrix of co-axial perforated
mufflers. Further, Munjal3 improved the transfer matrix by
considering the effects of mean flow, and developed a cascad-
ing method using the transfer matrices of basic acoustic ele-
ments for relatively simple mufflers. To analyse the complex
mufflers with multiply-connected parts, Vijayasree and Mun-
jal4 developed an integrated transfer matrix method. However,
these methods are only appropriate below the plane wave cut-
off frequency. Numerical techniques such as finite element
methods (FEM) and boundary element methods (BEM) have
been proven to be more accurate at higher frequencies. Barbi-
eri, et al.5 applied the Galerkin-FEM to obtain the four-pole
parameters to predict the acoustic performance. Kirby6 devel-
oped a fast and accurate hybrid finite element method for mod-
elling automotive dissipative mufflers with perforated ducts
and absorbing material. Wu, et al.7 developed a direct mixed-
body BEM to derive the four-pole parameters and predict the
transmission loss of perforated mufflers. Ji, et al.8 proposed a
multi-domain BEM to analyse three-pass perforated duct muf-
flers.
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Figure 1. Schematic of a co-axial perforated muffler.

Practical muffler designs are usually governed by multi-
ple conflicting criteria and constrains, which require multi-
objective optimization. Evolutionary algorithms such as the
genetic algorithm (GA) are suitable in this case owing to their
robustness and the ability to avoid the drop in local optimum;
however, the computation is time-consuming due to the large
searching space. In previous papers, the shape optimizations of
perforated mufflers with parallel-flow, cross-flow, and reverse-
flow ducts based on the transfer matrix method and various
evolutionary algorithms were discussed.9–11 Airaksinen, et
al.12 provided a combined use of a hybrid finite method and
genetic algorithm for the multi-objective optimization of var-
ious mufflers. However, these optimizations are either lim-
ited in use or computationally expensive. The idea behind the
approximate model is to create an engineering method which
uses an explicit model to evaluate design objectives and vari-
ables instead of a complex numerical model. Chang, et al.13, 14

linked the objective functions with a polynomial neural net-
work model (NNM) using the primary sample points obtained
by the BEM, and the NNM was applied to HQ muffler opti-
mizations. But the NNM was only valid in a certain frequency
rather than a wide frequency range.

In the course of the authors’ previous work, it was fortu-
itously found that by changing the thickness correction coef-
ficient in the transfer matrix of the co-axial perforated muf-
flers, the accuracy of TL prediction was remarkably improved
above the cut-off frequency, and the TL prediction under the
cut-off frequency was as accurate as before. Hence, an appro-
priate model for TL predictions was established by introducing
a formula of the thickness correction coefficient to the conven-
tional transfer matrix. The formula of the thickness correction
coefficient was obtained by the Taguchi design and polyno-
mial regression, and the sample points were calculated by the
FEM. Then, the approximate model was adopted to the multi-
objective optimization of a multi-chamber perforated muffler,
which is used for intake noise attenuation of a regenerative
flow compressor in a fuel cell vehicle, combined with the GA.
A prototype was produced based on the optimal results. In-
sertion loss measurements of the prototype were taken and the
results have shown the optimization model to be convincing.

2. APPROXIMATE MODEL

As shown in Fig. 1, a co-axial perforated muffler is com-
posed of an inner perforated tube and an outer resonating

(a)

(b)

(c)

(d)

Figure 2. Transmission loss of perforated mufflers [d=49 mm, D=164.4 mm,
la=lb=0, lc=257.2 mm, t=0.9 mm; (a) η=8.4%, dh=2.49 mm; (b) η=8.4%,
dh=4.98 mm; (c) η=25.7%, dh=2.49 mm; (d) η=25.7%, dh=4.98 mm]. [Ex-
perimental data from Lee (2005)16].

chamber. The transfer matrix [T] of co-axial perforated muf-
flers is derived in Appendix A. So the transmission loss (TL)
can be calculated by3

TL = 20 log(
|A + B + C + D|

2
). (1)

It should be noted that the transfer matrix method (TMM) is
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Figure 3. FE Model of the perforated muffler.

Figure 4. Cross section of a perforated plate.

valid only below the cutoff frequency of plane wave3

fcut = 1.841
c

πd0
(2)

However, in the course of the authors’ previous work on per-
forated mufflers, it was fortuitously found that by changing the
thickness correction coefficient α in the expression of acoustic
impedance to an appropriate value, the accuracy of TL pre-
diction was remarkably improved above the cut-off frequency,
and the TL prediction under the cut-off frequency was as ac-
curate as before. Some cases are shown in Fig. 2. There are
other cases showing a similar phenomenon. Corrected coef-
ficient α takes into consideration mainly additional acoustical
masses outside the holes coming from distributed radial ve-
locities through a perforated wall.15 This suggests that a 1-D
model suitable for TL prediction above the cut-off frequency
may be obtained by introducing an appropriate model of the
thickness correction coefficient to the conventional transfer
matrix.

2.1. Thickness Correction
To acquire the thickness correction coefficient, the finite el-

ement method (FEM) was adopted to predict TL of perforated
mufflers. The computations were taken by ACTRAN. The FE
model is illustrated in Fig. 3. The Incident wave of the inlet is
defined as unit sound intensity, and the reflect wave is defined
as free. The outlet is defined as non-reflected.

Instead of meshing all the orifices, the transfer admittance
boundary condition is defined between the inner and outer sur-
faces of a perforated tube. As shown in Fig. 4, the impedance
of a single perforation can be written as

Zp =
p1 − p2
v

= Rp + jXp; (3)

where p1 and p2 are the upstream and downstream sound pres-
sure, and v = v1 = v2 is the average particle velocity in the
orifice.

Therefore, the impedance of the whole plate is

Zp =
Zp
η

=
1

η
(Rp + jXp); (4)

where η is the porosity of the perforated tube, and for a square
grid, η = π a

2

b2

In the above expressions, the impedance can be split into vis-
cous effects contribution and end correction contribution. Us-
ing Crandall’s theoretical model17 for viscous effects in narrow
tubes, the impedance for a single perforation can be expressed
as

Zp = jωρt[1− 2√
−jksa

J1(
√
−jksa)

J0(
√
−jksa)

]−1; (5)

where ω is the angular frequency, J0 and J1 are order 0 and
order 1 Bessel functions, and ksa =

√
ωρ
µ a is the shear

wavenumber.
For avoiding the evaluation of Bessel functions with com-

plex argument, approximate solutions depending on the range
of the dimensionless shear wavenumber k s a can be deduced.
When |ksa| > 10, the approximate solutions for Bessel func-
tions can be written as

J1(
√
−jksa)

J0(
√
−jksa)

= −j. (6)

When Eq. (6) is applied to Eq. (5), the impedance con-
tributed by viscous effects reduces to

Zviscp = Rviscp + jXvisc
p =

√
2ωµρ

t

a
+ jωρt. (7)

As for the end correction effects, the resistive end correc-
tion accounts for the frictional losses due to viscous effects at
the surface of the plate, and the reactive end correction is due
to the imaginary part of the radiation impedance at the tube’s
ends. The resistive and reactive end corrections are commonly
adopted as Rcorrp =

√
8ωµρ and Xcorr

p = 2ωρ 8
3πa.18 How-

ever, the general expressions assume that there is no interac-
tion between two adjacent holes. In the case for high porosity
values, the interaction cannot be neglected. Therefore, a cor-
rection factor αp = 1.47

√
η− 0.47

√
η3 is adopted to describe

the interaction,19 and then the impedance of a single perforate
is written as

Rp = Rviscp +Rcorrp =
√

8ωµρ(
t

2a
+ 1); (8)

Xp = Xvisc
p +Xcorr

p = ωρ[t+ 2
8

3π
a(1− αp)]. (9)

Taking Eqs. (8) and (9) into Eq. (4), the impedance of the
perforated plane can be written as

Zp =

√
8ωµρ

η
(
t

2a
+ 1)

+j
ωρ

η
[t+ 2

8

3π
a(1− 1.47

√
η + 0.47

√
η3)]. (10)

With applying Eq. (10) to the perforated tube wall, the in-
fluence of perforation on the sound field can be considered in
the numerical computations. The incident sound power of the
inlet (Wi) and outlet (Wo) can be acquired through computa-
tion, and thus the transmission loss can be expressed as

TL = 10 log
Wi

Wo
. (11)

As shown in Fig. 5, the FEM results are in good agreement
with experimental data; thus, the finite element method can
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Table 1. Parameters and levels used in the experiments.

Symbol Level 1 Level 2 Level 3 Level 4 Level 5 Level 6 Level 7
d (m) 0.04 0.045 0.05 0.055 0.06 0.065 0.07

Re (D/d) 1.6 1.7 1.8 1.9 2 2.1 2.2
l (m) 0.06 0.07 0.08 0.09 0.1 0.11 0.12

Rl (lc/l) 0.19 0.27 0.35 0.43 0.51 0.59 0.67
t (m) 0.0008 0.0012 0.0016 0.002 0.0024 0.0028 0.0032
dh (m) 0.001 0.0015 0.002 0.0025 0.003 0.0035 0.004
η 0.14 0.18 0.22 0.26 0.3 0.34 0.38

Figure 5. Transmission loss of perforated muffler; [d=49 mm, D=164.4 mm,
la=lb=0, lc=257.2 mm, t=0.9 mm, η=25.7%, dh=4.98 mm]. [Experimental
data from Lee (2005)16].

be used as the numerical experiment. Altering the thickness
correction coefficient α to make the transmission loss curve
predicted by the TMM closer to that predicted by the FEM.
An updated thickness correction coefficient α̂ was calculated
to minimize the residual sum of squares of transmission loss:

min f(α̂) =

n∑
i=1

(TLFEM − TLTMM (α̂))
2
. (12)

Therefore, the corrected acoustic thickness for TL predic-
tion through the TMM above the cut-off frequency can be ex-
pressed as

te =
t + α̂dh
η

. (13)

2.2. Taguchi Design
As illustrated in Fig. 1, there are eight design parameters of

a straight perforated muffler. Because the switch of inlet and
outlet won’t change the transmission loss, the length of non-
perforated segment la and lb can be considered as one param-
eter. Obtaining a more accurate expression of the equivalent
thickness and the design parameters means more experimental
levels. The full factorial experimental design of seven parame-
ters at seven levels would necessitate 77 experiments. To save
experimental time and cost, the Taguchi method20 was used
for the design of experiments and a L49(77) orthogonal array
was applied. The seven design parameters and their factor lev-
els are summarized in Table 1. The experimental results are
presented in Appendix B.

2.3. Polynomial Repression
Regression analysis is an approach to modelling the rela-

tionship between the dependent variable and explanatory vari-
ables. In this article, with the experimental data in Appendix B,

Table 2. ANOVA for regression model.

Source DF SS MS F p
Model 8 0.0019 0.0002 167.409 0.000

Residual 40 0.000058 0.000
Total 48 0.002

R2 = 0.971 R2
adj = 0.965

a multiple linear stepwise regression analysis was performed to
predict the equivalent thickness. Mathematical modelling was
carried out by using a second-order polynomial equation as

te = β0 +

k∑
i=1

βixi +

k∑
i=1

βiix
2
i ; (14)

where xi = d,Re, l, Rl, t, dh, 1/ηi = 1, 2, ..., 7, βi is the re-
gression coefficient, and k is the number of design parame-
ters. The least square estimate method was adopted to interpret
the estimated regression coefficient and the following equation
was obtained:

te = −0.0281 + 0.2064d + 0.0093Re + 0.0542l + 0.0060Rl

+ 0.0018Rl2 + 2.8909t + 2.0056dh + 1.4850× 10 - 4 1

η2
.

(15)
The results of analysis of variance (ANOVA) are shown in

Table 2. It calculates the sum of squares (SS), the mean of
square (MS), the degree of freedom (DF), the ratio Fisher (F ),
and significance (p). In this model F (8, 48) = 167.409 >
2.907 (F0.01(8, 48)), and overall significance (p) is close to
zero, which indicates a more than 99% confidence level of the
statistical hypotheses. The determination coefficient R2 and
adjusted determination coefficient R2

adj are equal to 0.971 and
0.965, respectively, which indicate that 97.1% of the total vari-
ations are explained by the model.

The results of the regression coefficient test are shown in Ta-
ble 3. The significances (p) of all independent variables reach
α-level of 0.05, which indicates that every independent vari-
able has a strong effect on the equivalent thickness. The results
predicted by the regression model are compared to experimen-
tal data in Fig. 6. It can be seen that model predictions present
a good agreement with the experimental data, and the resid-
ual error rates are under 8%. This means that the regression
model provides a fair explanation of the relationship between
the independent variables and the response.

3. MODEL VALIDATION

Before performing the optimization, the mathematical
model should be validated first. Figure 7 shows the compar-
ison between the predictions by the approximate model with
experimental results from Lee.16 Figure 7 (a) shows that am-
plitude errors occurred in the theoretical prediction of muffler
1 at the third and fourth peak frequency, yet the errors are
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Table 3. Results of regression coefficient test.

Independent Regression Standard t p
variables coefficient error

Constance -0.0281 0.00255 -14.595 0.000
d 0.2064 0.01717 12.138 0.000

D/d 0.0093 0.00086 9.369 0.000
l 0.0542 0.00858 4.690 0.000
lc/l 0.0060 0.00674 3.374 0.002

(lc/l)2 0.0018 0.00774 -2.396 0.000
t 2.8909 0.21458 13.740 0.000
dh 2.0056 0.17167 9.311 0.000
1/η2 1.4850E-4 0.00012 27.581 0.021

Figure 6. Comparison of regression model results with experimental data.

accepted in engineering applications. The theoretical predic-
tions of other mufflers are in good agreement with experimen-
tal results. Consequently, the proposed mathematical model is
proven to be valid above the plane wave cut-off frequency, and
will be applied for the shape optimization of multi-chamber
perforated mufflers.

4. MULTI-OBJECTIVE OPTIMIZATION

Most practical optimization problems are governed by mul-
tiple conflicting criteria and constraints. The general formu-
lation of a multi-objective optimization problem can be de-
scribed as follows:

min [f1(x), f2(x), ... , fn(x)]

s.t.

{
gi(x) ≤ 0, i = 1, 2, ... , p
hj(x) = 0, j = 1, 2, ... , q

x ∈ S

; (16)

where f = (f1(x), f2(x), ..., fn(x)) represents the objective
functions, gi(x) ≤ 0 represents inequality constraints, and
hj(x) = 0 represents equality constraints. x is the vector of
n independent variables that belongs to a feasible region S of
design space Rn. Unlike the single objective optimization, the
solution of a multi-objective optimization is not a single point,
but a set of non-inferiority solutions known as Pareto optima.

In this section, a multi-objective optimization was presented
for multi-chamber perforated mufflers of a regenerative flow
compressor in a fuel cell vehicle. The approximate model pre-
sented in section 2 was applied to the transmission loss predic-
tion of the muffler. The NSGA-II was adopted as the optimiza-
tion algorithm.

(a)

(b)

(c)

(d)

Figure 7. Comparison between predicted and experimental transmission loss
[d=49 mm, D=164.4 mm, la=lb=0, lc=257.2 mm, t=0.9 mm; (a) η=8.4%,
dh=2.49 mm;(b) η=8.4%, dh=4.98 mm; (c) η=25.7%, dh=2.49 mm; (d)
η=25.7%, dh=4.98 mm]. [Experimental data from Lee (2005)16].

4.1. Objective Functions

The objectives are to maximize the TL value at the target
frequency range and minimize the volume of the muffler. In
this case, the objective functions are as follows:
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1. The average value of TL at target frequency range:

f1(x) = − 1

ω2 − ω1

∫ ω2

ω1

TL(ω)dω; (17)

where ω1 ≤ ω ≤ ω2 is the frequency range. The blade
number of the regenerative blower is 55, and the common
rotation speed is 1100–3800 rpm; hence, the blade pass-
ing frequency (BPF) is 1000–3500 Hz. As the tonal noise
at BPF is particularly annoying and contributes most to
the noise level,21 the target frequency range was set at
1000–3500 Hz. The transmission loss can be calculated
by Eq. (21).

2. Average valley value of TL: Though the average value
of TL could be high, valleys may occur at certain fre-
quency ranges. A threshold value was defined as 5 dB
below the average value of TL; thus, the average valley
value of TL can be expressed by Eq. (18) (on top of the
next page), where ωi1 ≤ ω ≤ ωi2 is the ith frequency
range of valleys, and TLav is the average value of TL at
1000–3500 Hz.

3. Volume of the muffler:

f3( x ) =

n∑
1

πD2li
4

, i = 1, 2, 3; (19)

where li is the length of ith resonating chamber.

4.2. NSGA-II Algorithm
Genetic algorithms (GAs) are adoptive heuristic search al-

gorithms premised on the Darwinian notion of natural selec-
tion and evolution. The non-dominated sorting genetic al-
gorithm (NSGA- II) developed by Deb22 is a multi-objective
optimization algorithm using an elite-preserving strategy and
an explicit diversity preserving mechanism. Like any conven-
tional GAs, NSGA-II first creates a population of individuals
that correspond to the design parameters randomly, and use
selection, crossover, and mutation to create an offspring popu-
lation. While conventional GAs select solutions based on the
value of the fitness functions, NSGA-II makes selection based
on non-domination rank and crowding distance. More details
of can be found in Deb’s paper.22 The structure of NSGA- II
optimization is depicted in Fig. 8.

4.3. Optimization Case
A multi-chamber perforated muffler was adopted for inlet

noise elimination of a regenerative flow compressor in a fuel
cell vehicle. The schematic of the multi-chamber perforated
muffler is given in Fig. 9. The multi-chamber perforated muf-
fler includes three perforated tubes and the straight tubes which
connect them. The four-pole constants of each element are
considered unaffected. So, the overall transfer matrix of the
muffler is given by the product of the individual element ma-
trices:

T * = TS1 · TP1 · TS2 · TP2 · TS3 · TP3 · TS4; (20)

where Ts is the transfer matrix of the straight tube, and Tp
is the modified transfer matrix in the approximate model.

Figure 8. The block diagram of the NSGA-II algorithm.

Figure 9. Schematic of the multi-chamber perforated muffler.

The four-pole constants of Tp can be obtained by substituting
Eqs. (13) and (15) into the conventional transfer matrix.

Transmission loss of the muffler can be calculated in terms
of the four-pole constants as

TL = 20log(

∣∣T *
11 + T *

12 + T *
21 + T *

22

∣∣
2

). (21)

The geometry of the muffler is determined by eighteen param-
eters, two of which are fixed, and sixteen are varied for op-
timization. The fixed parameters are the diameter of the res-
onating chamberD = 0.1 m and the diameter of the perforated
tube d = 0.05 m. Therefore, the cut-off frequency of the muf-
fler is fcut=1.841 c

πD = 1990 Hz. The ranges of optimization
parameters of the ith (i = 1, 2, 3) chamber are presented in Ta-
ble 5. The total length is constrained as l = l1+l2+l3 ≤ 0.2 m.

The Pareto front of the three-chamber perforated muffler op-
timization is illustrated in Fig. 10. The Pareto solutions clearly
reveal the conflicts among the three objects. Considering the
priority of each object, four optimal design points are selected
and presented in Table 4. The transmission losses of these four

Table 5. Ranges of optimization parameters of ith chamber (i=1, 2, 3).

Parameter li (m) lai/li lbi/li t (m) dhi (m) ηi
Lower limit 0.05 0.12 0.12 0.001 0.001 0.1
Upper limit 0.2 0.81 0.81 0.006 0.01 0.4
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f2(x) =


n∑
1

1

ωi2 − ωi1

∫ ωi2

ωi1

[TLav − 5− TL(ω)]dω, TLav − 5 > TL(ω), i = 1, 2, ..., n

0, TLav − 5 ≤ TL(ω)

; (18)

Table 4. Results of the three-chamber muffler optimization.

l1 (m) la1/l1 lb1/l1 dh1 (m) η1
No. l2 (m) la2/l2 lb2/l2 t (m) dh2 (m) η2 f1(x) f2(x) f3(x)

l3 (m) la3/l3 lb3/l3 dh3 (m) η3
0.0539 0.1945 0.1209 0.0019 0.3367

1 0.1230 0.3470 0.1191 0.0020 0.0017 0.2570 -48.1 17.8 1.52
0.0168 0.2231 0.1867 0.0017 0.2941
0.0506 0.1939 0.1343 0.0021 0.3146

2 0.1307 0.3135 0.1642 0.0028 0.0015 0.2326 -42.5 10.0 1.56
0.0168 0.2231 0.1867 0.0017 0.2941
0.0352 0.1974 0.1493 0.0018 0.3246

3 0.1164 0.3589 0.1144 0.0021 0.0020 0.3358 -41.4 19.4 1.33
0.0175 0.2097 0.0978 0.0018 0.3529
0.0328 0.1713 0.1608 0.0017 0.3027

4 0.0975 0.3184 0.1230 0.0021 0.0019 0.2433 -34.9 16.9 1.13
0.0137 0.2409 0.1127 0.0017 0.2773

(a)

(b)

Figure 10. Pareto front of the multi-chamber muffler optimization.

mufflers are shown in Fig. 11. For each of the four mufflers, the
transmission loss at the target frequency range is much larger
than other frequency ranges. Muffler No. 1 is considered the
best because its average TL value is the highest, and the lowest
TL value is over 20 dB, also with an acceptable size.

5. EXPERIMENTAL VALIDATION

Transmission loss and insertion loss measurements were
carried out in order to validate the optimization results. The
parameters of the muffler are shown as No. 1 in Table 4. The
measurements were taken in a reverberation room.

Figure 11. Transmission losses of optimized mufflers.

5.1. Transmission Loss Measurement
The two-load method was applied to measure the trans-

mission loss of the muffler. The schematic diagram and the
photograph of the measurement are shown in Fig. 12. The
experimental apparatus consisted of three parts: the source,
the test section, and the data processing system. The loud-
speaker driven by a power amplifier generated white noise sig-
nals containing all frequencies of interest. In the test section,
the tested muffler was installed in an impedance tube. Four
microphones were installed both upstream and downstream of
the muffler. The LMS data acquisition system was used to col-
lect the signals from the microphones and then feed the data to
the computer-controlled Fourier analyser.

In this measurement, two loads were achieved by an outlet
tube with and without an end cap. The transmission loss can
be obtained by using four-pole equations.23

The sound pressure measured at location 1 ∼ 4 can be ex-
pressed as

p1 = p+u e
jk(L1+L2) + p−u e

−jk(L1+L2); (22)

p2 = p+u e
jkL2 + p−u e

−jkL2 ; (23)

p3 = p+d e
−jkL3 + p−d e

jkL3 ; (24)

p4 = p+d e
−jk(L3+L4) + p−d e

jk(L3+L4); (25)
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(a)

(b)

Figure 12. Experimental setup; (a) diagram of test arrangement; (b) photo-
graph of test environment.

where the superscript + refers to incident waves, and the su-
perscript − refers to reflected waves; the subscript u refers to
the region upstream of the muffler, and d refers to the region
downstream of the muffler.

Using the wave decomposition theory, the incident and re-
flected wave can be calculated by equations

p+u =
p1e

−jkL2 − p2e−jk(L1+L2)

ejkL1 − e−jkL1
; (26)

p−u =
p1e

jkL2 − p2ejk(L1+L2)

e−jkL1 − ejkL1
; (27)

p+d =
p3e

jk(L3+L4) − p4ejkL3

ejkL4 − e−jkL4
; (28)

p−d =
p3e

−jk(L3+L4) − p4e−jkL3

e−jkL4 − ejkL4
. (29)

The four-pole equation for incident and reflected waves up-
stream and downstream of the muffler can be expressed as{

p+ua

p−ua

}
=

[
A B
C D

]{
p+da

p−da

}
; (30)

{
p+ub

p−ub

}
=

[
A B
C D

]{
p+db

p−db

}
; (31)

where the subscript a refers to configuration without the end
cap, and b refers to configuration with the end cap.

Therefore, the transmission loss of the muffler can be calcu-
lated as

TL = 20log10 |A| = 20log10

∣∣∣∣p+uap−db − p+ubp−dap+dap
−
db − p

+
dbp

−
da

∣∣∣∣ . (32)

Figure 13. Transmission loss comparison.

Figure 13 shows the comparison of the experimental, the-
oretical, and numerical predictions of transmission loss. The
transmission loss predicted by the approximate model is con-
sistent with the FEM results on the whole, while the peak at
1530 Hz doesn’t appear in the FEM results, and the ampli-
tudes of theoretical results are higher than the FEM at certain
frequency.

It should be noticed that the thickness correction is based
on the FEM results of single-chamber perforated mufflers. So,
the application of the modified TMM to the transmission loss
predictions of multi-chamber perforated mufflers may lead to
a larger deviation. In order to test this hypothesis, transmis-
sion loss of each chamber was calculated by a modified TMM
and FEM, and the results were given in Fig. 14. As shown in
Fig. 14, the transmission losses predicted by modified TMM
of chamber 1 and chamber 3 are in good agreement with the
FEM results. As for chamber 2, the transmission loss curves
are quite close on the whole. The errors are mainly the second
peak at 2750 Hz, which is 2900 Hz in the FEM results, and
the third peak at 3460 Hz, which is 3330 Hz in the FEM re-
sults. Nonetheless, errors are acceptable considering the target
frequency bandwidth is quite broad.

Note, however, that the most remarkable error of TL predic-
tions of the optimized muffler at 1530 Hz, which comes from
chamber 2 as shown in Fig. 14 (b), agrees quite well with the
FEM results of the single chamber 2 calculation. Therefore,
the reason for the calculation error at 1530 Hz of the optimized
muffler is not the error of chamber 2, but the coupling effect of
the three chambers. Figure 15 shows the pressure maps of both
the optimized muffler and chamber 2 at 1530 Hz. In the case of
chamber 2, it shows a first order radial duct modal at 1530 Hz,
which causes the corresponding peak of transmission loss. Yet
this modal of chamber 2 in the optimized muffler disappears
due to the effect of chamber 1.

5.2. Insertion Loss Measurement
Though transmission loss is most easily predicted theoreti-

cally, insertion loss is more widely used in engineering appli-
cations. Besides, the transmission losses are predicted without
mean flow, while the muffler in the compressor system oper-
ates with grazing flow, and the grazing flow at high speeds
may reduce the transmission loss.24 Thus, it is necessary to
measure the insertion loss of the muffler under the typical op-
erating conditions of the compressor.
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(a)

(b)

(c)

Figure 14. Transmission loss comparisons of each chamber: (a) Chamber 1;
(b) Chamber 2; (c) Chamber 3.

The diagram and the photograph of the insertion loss mea-
surement are shown in Fig. 16. The compressor and the motor
were covered with absorbing material. A microphone was in-
stalled 0.5 m away from the compressor inlet and 45◦ to the
axial direction. Sound pressure levels (SPL) were measured
by the microphone with and without the muffler. Measure-
ments were taken at every 400 rpm for 1000–3800 rpm range
in steady conditions, and from 1000 rpm to 3800 rpm in run-up
conditions.

Figure 17 shows the SPL of intake noise in run-up condi-
tions. Notice that the SPL of inlet noise was remarkably atten-

Figure 15. Pressure maps of the optimized muffler and chamber 2.

(a)

(b)

Figure 16. Experimental setup: (a) diagram of test arrangement; (b) photo-
graph of test environment.

uated at the target frequency range of 1000–3500 Hz with muf-
flers. Figure 18 shows the SPL of intake noise at 3000 RPM.
The SPL was reduced by 25 dB at 1000–3500 Hz. And
the tonal noise level at BPF was reduced from 92.35 dB to
57.94 dB in a drop of 34.41 dB. In other stationary condi-
tions, tonal noise levels also appeared the highest of the full
frequency band, as well as the insertion loss at BPF.

6. CONCLUSION

An approximate model was established by introducing the
formula of the thickness correction coefficient in the conven-
tional transfer matrix. The thickness correction was calculated
precisely by comparing the transmission loss curves predicted
by the TMM with those predicted by the FEM, and the cor-
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(a)

(b)

Figure 17. SPL of intake noise under run-up conditions: (a) without muffler;
(b) with muffler.

Figure 18. SPL of intake noise at 3000 RPM.

rection formula was obtained by the Taguchi design and poly-
nomial regression analysis. The approximate model has been
proven effective within acceptable accuracy limits.

In this study, multi-objective shape optimization of multi-
chamber perforated mufflers was presented. NSGA- II was
used as the optimization algorithm, and transmission loss was
calculated by the approximate model. Certain Pareto solutions
were chosen, and a prototype was manufactured based on one
of the Pareto solutions. Both transmission loss and insertion
loss of the optimized muffler were measured. Numerical and
experimental results are in good agreement and show signif-
icant improvements of acoustic performance precisely at the
target frequency range.

Consequently, the combination of the approximate model

and the NSGA-II algorithm provides a fast, effective, and ro-
bust approach to co-axial perforated muffler optimization prob-
lems.
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APPENDIX A. TRANSFER MATRIX OF
PERFORATED MUFFLER

As shown in Fig. 1, a co-axial perforated muffler is com-
posed of an inner perforated tube and an outer resonat-
ing chamber. Under the isentropic progresses, for a per-
forated muffler without mean flow, the governing equations
can be written as3 in Eq. (1), (on top of the next page).
where α1 = k2− 4jk

dζp
, α2 = 4jk

dζp
, α3 = 4jkd

(D2−d2)ζp
, α4 = k2−α3,

k = 2πf
c , and ζp = p1−p1a

ρcuh
is the normalized specific acoustic

impedance of the perforated tube, which is defined as

ζp =
Rh + jk(t+ αdh)

η
; (2)

where Rh is the specific resistance, and α is the thickness cor-
rection coefficient.

Eq. (1) can be conveniently expressed in following matrix
form Eq. (3) (see the top of the next page).

Decoupling Eq. 3, the relationship of acoustic pressure and
normal particle velocity can be obtained as

p1
ρcu1
p1a
ρcu1a

 = [Ω]


C1eλ1x

C2eλ2x

C3eλ3x

C4eλ4x

 ; (4)

where λ is the eigenvalues of [N ], and [Ω] is the model matrix
formed by eigenvectors of [N ]:

λ = ±

√
−(α1 + α4)/2±

√
(α1 − α4)2/4 + α2α3; (5)

Ω1i

Ω2i

Ω3i

Ω4i

 =


1

jλi/k

−(α1 + λ2i )/α2

−jλi(α1 + λ2i )/(kα2)

 i = 1 2 3 4. (6)

Thus, the relationship of acoustic pressure and particle ve-
locity between x = 0 and x = lc can be obtained as

p1(0)
ρcu1(0)
p1a(0)
ρcu1a(0)

 = [R]


p1(lc)
ρcu1(lc)
p1a(lc)
ρcu1a(lc)

 ; (7)

where [R] = [Ω] [E] [Ω]
−1, [E] = diag(exp(−λilc)), i =

1, 2, 3, 4

The boundary conditions of outer tube are given as{
ρ0c0u1a = −j tan(kla)p1a

ρ0c0u2a = j tan(klb)p2a
(8)
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d2p1
dx2

+ α1p1 + α2p1a = 0
d2p1a
dx2

+ α3p1 + α4p1a = 0jkρcu1 =
dp1
dx

jkρcu1a = − dp1a
dx

; (1)


dp1/dx

dρcu1/dx
dp1a/dx

dρcu1a/dx

 =


0 −jk 0 0

−jα1/k 0 −jα2/k 0
0 0 0 −jk

−jα3/k 0 −jα4/k 0




p1
ρcu1
p1a
ρcu1a

 = [N]


p1
ρcu1
p1a
ρcu1a

 (3)

Taking Eq. (8) into Eq. (7), the transfer matrix of perforated
mufflers is obtained as[

p1
ρ0c0u1

]
= [T]

[
p2

ρ0c0u2

]
=
[
A B
C D

] [
p2

ρ0c0u2

]
;

(9)
where:
A = R11 − (R13 + jR14tan(klb))(R41 + jR31tan(kla))/Z

B = R12 − (R13 + jR14tan(klb))(R42 + jR32tan(kla))/Z

C = R21 − (R23 + jR24tan(klb))(R41 + jR31tan(kla))/Z

D = R22 − (R23 + jR24tan(klb))(R42 + jR32tan(kla))/Z

Z = R43 + jR44tan(klb) + jtan(kla)(R33 + jR34tan(klb))

APPENDIX B. THE NUMERICAL EXPERI-
MENTAL RESULTS OF THE TAGUCHI AR-
RAY

The numerical experimental results of the Taguchi array are
presented in Table 6 (on the next page).
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