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This contribution gives a simple two-dimensional method to calculate the dynamics of railway tracks which
have been checked against the results of completely three-dimensional finite-element boundary-element calcula-
tions. The forces generated by the train are modified, amplified or reduced, by the vehicle-track interaction and
the force transfer of the track, yielding the forces that are acting on the ground and exciting the ground-borne vi-
bration. The overall force transfer function, which is the integral of all forces acting on the soil divided by the
input force on the vehicle, is presented for a number of different track systems. Details are given for the track
with ballast mats where the influence of wheel mass, track mass, subsoil condition, and the stiffness of the mat
have been analysed. Experimental results of the Federal Institute of Materials Research and Testing and litera-
ture are used to check the theoretical results about ballast mats.

Nomenclature

A —area

A — constant

b —width

Cs — soil damping

c — damping per length

D — material damping

E — modulus of elasticity

El — bending stiffness

f — frequency

fz — compliance function

f — compliance matrix

F —force

Ft,Fr,F; —transversa, radia, vertical force
Fs — total force acting on the soil

Fr — wheel -set force on the track

Fv — exciting force on the vehicle
Fs,F;  —force per length

G — shear modulus

h — height

H — total force transfer function Fs/Fv
Hr — track force transfer function Fs/Fr

Hvr — vehicle-track force transfer function F1/Fyv
i — imaginary unit
ks — soil stiffness
Kr — track stiffness
Ky — vehicle stiffness
Ks — soil stiffness matrix
Ke — track stiffness matrix
K — stiffness per length
5 — soil stiffness per length
Ks — complex soil stiffness kg +iwCs
Kp — dynamic stiffness k' +icwc’ —m w?
Kb — dynamic stiffness K' —m'w?
K' — stiffness per area
Mw — wheel-set mass
m — mass per length

m — mass matrix of multi-beam track

M — finite element mass matrix

Nz — compliance in wavenumber domain
r —radial distance

S —irregularities of vehicle and track

t —time

u — displacement

Ut, Ur, Uz —transversal, radial, vertical displacement

Vs, Vp — shear and compression wave speed

Vi — eigenvector

X — position along the track

X — position vector

\J — Poisson ratio

p — mass density

& — wavenumber

Es,ép — shear and compression wavenumber

w — circular frequency

u” — multiple differentiation with respect to x (position)
a — multiple differentiation with respect to t (time)

1. INTRODUCTION

A variety of isolation measures exists to reduce the vibra-
tion in the neighbourhood of railway lines. They can be roughly
classified as elastic or stiffening systems. The following elas-
tic elements are used (Fig. 1): railpads or resilient fixation
systems between rail and sleeper,” sleeper shoes under the
sleepers,? and ballast mats under the ballast'?*, Stiffening sys-
tems (plates) are used as slab tracks,®” floating slab tracks,*#°
or mass-spring systems'® and in a different way, as an under
ballast plate™ 2. The main interest of this contribution is bal-
last mats.

Ballast mats are an efficient measure to reduce the vibra-
tions near railway lines. The vehicle-track system gets a low
eigenfrequency due to the insertion of an elastic ballast mat
under the ballast. For frequencies higher than this low
vehicle-track eigenfrequency, the forces, that are generating
the vibration of the soil, are considerably reduced.

International Journal of Acoustics and Vibration, Vol. 11, No. 4, 2006

(pp 167-176) 167



L. Auersch: METHODS FOR THE ASSESSMENT OF BALLAST MATS, BALLAST PLATES AND OTHER ISOLATORS OF RAILWAY VIBRATION

The reduction of this force Fs acting on the soil is ana-
lysed for different tracks — ballasted tracks, non-ballasted
tracks, with or without isolation measure — by three-dimen-
sional combined finite element boundary element models or
by simple two-dimensional models. The different models are
illustrated in Figs. 1 and 2, and the parameters used through-
out this paper are listed in the corresponding Tables 1 and 2.
The parameters of the two-dimensional model are adjusted so
that the two-dimensional results are similar to the three-di-
mensional results.

Table 1. Parameters of the two-dimensional track model.

rail

rail pad
sleeper
sleeper shoe

ballast

ballast mat

84!

§ soil

Figure 1. Smple two-dimensional beam-on-support model of the track.

wheel set mass mw/2 = 750, 1500 kg
F12
UICO rail ;ef)f(rl:gs Elr = 6.4x 105 Nn? NL Fr2
s e = 60 kg/m Zem N R TR T TR, 74 m
rail pads stiffness ke = 40, 80, 150, 300 kN/mm 02 m+ \5?%&\5\5\5\5\5% N\
—]|  |——
sleeper mass ms/2=170kg 0.26 m 0.6m
Sleeper shoe | SiTfnessper Kl = 3 108 N/m? Figure 2. Three-dimensional finite-element boundary-element model
area of the track.
ballast mass density pe =2000 kg/m’ The 3D calculation of track-soil systems is described in
modul us of . 8 N2 full details in reference™ for homogeneous soil, whereas the
elasticity B2 =0511,2.2,4.4>10% Nim details for layered soils are given in reference®®. The experi-
height hg = 0.35m mental verification of the 3D method is done by measure-
Siffness per , ments of train, track, and soil vibration.* _
ballast mat aren ky =2,4,8,16x 107 N/m? Similar track-soil models have been established at a num-
ber of institutes and have been compared in a benchmark test
concrete plate | Modulusof E = 3% 10%° N/m? by the author.’® There exist more detailed methods’**"” which
elasticity include infinite tracks and moving load effects. These effects
mass density p=25x10% kg/m? are of interest for very high train speeds and for very soft
height he =0,0.25,05,1 m soils. These methods are also caled 2.5D methods® as they
: : - make use of the homogeneous or periodic structure™ of the
soil stiffness Ks=2,4,8 16 x 10" N/m track. On the contrary, much simpler models are used to cal-
damping |cs=3.8,5.3,7.5105x 10° Ngm|  culateisolated tracks."* One problem of the 1D and 2D meth-
dasticde hysteretic ods is the choi ce o_f the correct parameters. This problem has
ments damping D=01 been solved by fitting thg 2D re_ﬁults tothe 3D result; _
The complete three-dimensional method is described first
ballast, mat | ¢ vewidth b=13m becauseit is the base of all calculations (section 2). In section 3,
and plate the simple two-dimensional beam-on-support method which
Table 2. Additional parameters of the three-dimensional track model. 'S, used for most of the results pr@entgd here, _'S given. The
different steps of vehicle-track calculation, which are neces-
concrete modulus " s sary to get the total force transfer function, are explained in
Sleepers of elasticity E=3x10" N/m section 4 and illustrated by a track with an under-ballast
- X - plate. The main part of the contribution (section 5) consists
Poisson’s ratio v=015 of the calculated force transfer functions of different tracks,
mass density p=25x10° kg/m? especialy of tracks with ballast mats. At the end of this sec-
. . tion, the force reductions of other railway isolators are pre-
the sail mass density p=2x10° kg/m® sented. Finaly, section 6 discusses the practical application
Poisson’sratio v=0.33 of the methods and two experimental examples are given.
shear modulus | G=2,4.5,8,18x 107 N/m?
2. THREE-DIMENSIONAL FINITE-ELEMENT
shear-wave speed | vs = 100, 150,200,300 m/s|  BOUNDARY-ELEMENT METHOD
compression- Ve = 2Vs A three-dimensional track model is combined with the
wave speed boundary element formulation of the soil.*° That means that
track _ the Greens' functions of a homogeneous or layered soil*® are
(ballast, plate) width bg =bp =56m used to establish a fully coupling soil matrix which is added
to the FEM matrix of the track.
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2.1. Green’s Functions of the Soil

The sail is a homogeneous or horizontally layered elastic
half-space, which is excited at its surface by dynamic forcesF,
and the displacements u have to be calculated for surface
points, too. The relation between the displacements u and the
force F can be described in cylindrical (transversal, radial, and
vertical) components as

Ut ftt 0 O Ft
u [=| 0 f f2 Fr |. (1)

The four functions fij(r, ) can be calculated by integra-
tion in wavenumber domain,* for example as

2= 5o | Na@Jo(én)ede @
0

for the ssimplest case of the vertical component. Jo is the Bes-
sel function of the first kind and the vertical compliance Nz
in wavenumber domain & can be given explicitly for the ho-
mogeneous half-space

&3/cp-¢?
Nz = )
ial¢s-2c2 a2 -2 B2 |
with the abbreviations
Es=alvs; Ep=wlvp, 4

or calculated by matrix methods for a layered soil.*> Similar
formulas hold for the other components and the complete set
of Green’s functions Eq. (1) is used in the present boundary
element method of the soil.

2.2. The Stiffness Matrix of the Discretised Soil

First, the soil has to be defined by a set of m surface
points with coordinates X,. A certain portion A, of the sur-
face area belongs to each surface point. A force F at a point
Xq of the surface of the soil is considered. By using the
Green's functions (of the preceding section), the displace-
ments at all other points x4 are calculated

Ux ferr2 + ftter (frr = f) XeYr fraXe Fx
Uy = (frr =) Xe Yr frryr2 + fttXr2 frzyr Fy , (5)
Uz —fraXr —frzyr fz F.

with

Xr=Xg=X)IT;  Yr=(Yp=Ya)Ir.

Equation (5) is the same as Eqg. (1), but transformed into
the cartesian coordinate system.

For the point of excitation X, itself, the Green’s function
cannot be evaluated because the solution is singular at this
point. This difficulty can be overcome by calculating the
mean value over the corresponding surface area. This leads
to the mean values of the scalar functions fii(r)

=

a

i fii(ryrdr, (6)

N

[N

r

where r, is the radius of area A,. So the compliance relation
at the excited point of the soil is

?rr +?tt
Ux 2 B 0 _ 0 Fx
Uy |= fre+Tu 0 Fy |. (7)
Uz 2 F,
0 0 fz

The flexibility matrix of the soil is assembled of al these
3x 3 matricesfg,

us f;1 fi!.a f%m F.l
u =] T Tt | R | (89
N PP
with m the number of points, or in short form
u=fF. (8b)
Theinversion of this equation
F=flu=Ksu 9)

gives the dynamic stiffness matrix Ks=f ~1 of the soil which
isintroduced in the finite element procedure for the structure.

2.3. Combined Finite-Element
Boundary-Element Method

Now the coupling of both subsystems, track and soil, is
done by introducing the soil into the finite element code as a
new type of element. The points of the soil define one special
element of which the dynamic stiffness matrix Ks is calcu-
lated by the boundary element method. The track structure is
described by the conventional finite-element method. Local
stiffness matrices, as well as local mass matrices, are assem-
bled in a global stiffness matrix, Ko, and a global mass ma-
trix M, respectively. Combining these matrices, the frequen-
cy-dependent dynamic stiffness matrix Kr(w) of the track
structure

Kr =Ko —w?M (20)
is obtained. Then, the coupling of the boundary-element and
finite element part of the system can be expressed in terms of
global representations of the matrices and

F = (Ke(w) +Ks(w))u (1)
is the equation of the whole track-soil system. This hasto be
solved for given external forces F, for example the wheel-set
forces of Fig. 2.

From the solution of Eq. (11), the stiffness, K, of the track
under the whedl-set load and the force transfer function, Hr,
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of the track are calculated, which relate the displacement, ur,
of the rail under the wheel and the (complex) sum of the soil
forces, Fs, below the track to the exciting wheel-set load Fr.
These FEBEM results are used for further vehicle-track ana-
lyses.

In this contribution, the finite-element model of the track
consists of two rails and eleven deepers (Fig. 1). Therails are
represented by 2x 40 Euler beam elements, the sleepers by
11x 12 plate elements. The ballast is modelled by 44 x 48 3
eight-node solid elements. An underlying plate consists of
44 x 48 plate elements. The eastic elements are modelled as
2x11 truss elements (railpads) or as 44 x48 solid elements
(ballast mat). The parameters used in this contribution are
given in Tables 1 and 2. The parameters of the elastic ele-
ments are in the range of available products. Only one type
of elastic element is applied at a time. The underlined values
are used as standard if the corresponding parameter is not
varied.

3. SIMPLE TWO-DIMENSIONAL
BEAM-ON-SUPPORT METHOD

The track model consists of arail beam which is supported
on a combination of spring, damper, and mass elements (Fig. 1).
These elements represent railpads, seepers, the ballast, and
any isolation measure. The assembly of all these elements
can be represented by a dynamic, frequency-dependent sup-
port stiffness per length k. The most simple model would be
amassm on aspring k' and a damper ¢'

kp =K' +c'ico—m'w?. (12)

The stiffness of such a beam-on-support track system is
derived asfollows:

A beam on continuous support is described by the differ-
ential equation

Elu" +Ku+cu+mu =0 (13)

for the displacement u. If the complex exponential function
u=Aelxieh (14)

is inserted into the differential equation, the following condi-
tion for the wavenumber & is obtained

ElE4 +K +Clio—-mw?=0. (15)
This equation has four roots
/ oo 2 1/4
E1234= (_k+m+mw) (16)

of which the both wavenumbers with negative real part are
chosen so that the solution is decreasing in x-direction

fzzﬁo_j%i,

fl=fo_\]/'%i;

with &g the principal value of the root

¢ _(k’ +Cliw— m’wz)ll4
0= El :

The solution is found by fitting the general solution
Eq. (14) to the boundary conditions as

3_ 3
u(x=0) = %A; F = 261 U (x = 0) = 261 25125162 62'5152 A

Therefore, the stiffness of the track can be expressed as

E_2EW" . $283-¢iE3
u="u -2 &2-¢1

= —2E1E1E (61 + E2) = 2E1E3V2 ;
Kt =2/2 EIY4(K +Clico—m w?)¥.

Kt =

(17)

The transfer function Hrt of the force is the ratio of the
force Fs acting on the soil to the wheel load Ft acting on top
of the track. It can be calculated for a single support chain if
the mass of the rail isincluded. This remarkable result, which
further simplifies the force transfer function of the track, is
proved in the appendix. For the smple support modd it follows

K +cliw
“F, " Krcio-mo? (18)

Equations (17) and (18) are the simplest versions for a
beam-on-support system. The support can be more complex
and be calculated with transfer matrices.® A general method
for the combination of support elements with more than one
beam is given in the appendix.

Although the method is simple, it is not easy to get appro-
priate parameters for the model. The simple two-dimensional
models have been calibrated by the FEBEM results. Rules for
the parameters of the simple model are established by ap-
proximating the dynamic FEBEM-stiffness of the track.?**
The results of the simple method presented in this paper are
quite similar to corresponding results of the three-dimen-
sional finite-element boundary-element method. Namely, the
vehicle-track eigenfrequencies are the same for both methods
if the parameters of the simple model are properly chosen.

4. VEHICLE-TRACK INTERACTION

The track model is combined with a vehicle model. A sin-
gle rigid wheel mass my is used throughout this paper. The
dynamic stiffness Ky = —mww? of the vehicle is introduced
into the vehicle-track-interaction analysis. A force Fy acting
on the vehicleyields aforce Fr acting on the track according to

Lk SR .S
HVT— FV = KT+KV’ (19)

and aforce Fs on the sail according to
H_E_Ei_ﬁ Kt =HtHvr. (20)

- FV - FT FV - FT KT+KV

For the simplest two-dimensional case, the result can be
given explicitly as

Fs __ K+inc
Fv = kK +iowc —m*w?2’

(21)

which looks almost as simple as a single-degree-of-freedom
oscillator. However, m* is a frequency-dependent combina-
tion of the wheel and track mass.
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Figure 3. 2D ballasted track on aconcrete plate of hp = 0(00), 0.25(0), 0.5(a), 1(+) m, (a) stiffness K+ and (b) force transfer Hr of the track, (c)
vehicle-track transfer function Hyr, (d) and total force transfer function H.

The four steps of calculation with their results Kr, Hr,
Hvr, and H are illustrated by Fig. 3 for ballasted tracks on
different plates (2D models). The static stiffness of the track
increases with increasing height of the plate (Fig. 3(a)), but
the situation changes at high frequencies. The force transfer
of the track (Fig. 3(b)) shows a moderate resonance at low
frequencies which is a resonance of the heavy ballast-plate
track on the soil. A corresponding force reduction is found
around 100 Hz, especialy for the thickest plate. The vehicle-
track interaction (Fig. 3(c)) yields another more pronounced
resonance at 100 Hz which is mainly ruled by the wheel-set
mass and the ballast stiffness. The height of the plate has
only a dlight influence on the resonance frequency, but the
resonance amplitude is increased for thicker plates. The over-
all force transfer (Fig. 3(d)), which is the product of the force
transfer of the track and the vehicle track interaction, dis-
plays both resonance frequencies. Only minor reductions of
the force can be found in the given frequency range.

5. FORCE TRANSFER OF DIFFERENT TRACKS

The two- and three-dimensional methods have been used
to calculate a number of different tracks with and without
isolation measures. For each track, the specific parameters,
which are important for the force transfer from the vehicle to
the soil, have been investigated.

5.1. Conventional Tracks

A ballasted track on a homogeneous subsail is highly in-
fluenced by the stiffness of this subsoil (Fig. 4). The vehicle-
track eigenfrequency can vary between 50 Hz and more than

F¢F,

0 50 100 150
Frequency (Hz)

F/Fy

0 50 100 150
Frequency (Hz)

Figure 4. Track on homogeneous subsoil (a) 2D results with kg =
2(0), 4(0),8(a), 16(+) x 10 N/m? and cs=3.8(00),5.3(0), 7.5(»),
10.5(+) x 10° Ns/n?, (b) 3D results with shear wave speeds 100(0),
150(0), 200(a), 300(+) m/s.
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Frequency (Hz)

Frequency (Hz)

Figure5. Slab track with different railpads ke = 40(1), 80(0), 160(»),
300(+) kN/mm, (a) 2D results, (b) 3D results.

5

(a)

0 50 100 150
Frequency (Hz)

Figure 6. Balast track on a plate of hp =0.5 m, balast stiffness
& =0.5(0),1.1(0),2.2(a), 4.4(+) x 107 N/m?, (a) 2D results, (b) 3D
results.

100 Hz (for wheel-sets of 1500 kg). The resonance is highly
damped by the radiation in the soil. There is a reduction of
the force at frequencies higher than the resonance frequency,
but this is a minor effect for conventional tracks and the fre-

guency range of interest. Figure 5 shows results for slab
tracks where the sleepers are placed on a concrete plate
(hp=0.2m) instead of the ballast. Slab tracks are usually
constructed with elastic railpads which determine the stiff-
ness of the track and the vehicle-track resonance. Elastic rail-
pads can provide the same compliance that ballasted tracks
have and yield similar eigenfrequencies. The resonance am-
plitudes, however, are considerably higher as the radiation
damping is impeded (there is no material damping for this
example). If the ballasted track islaid on a plate, for example
the tunnel floor, the most important parameter is the stiffness
of the ballast (Fig. 6). The vehicle-track eigenfrequency is a
little higher and the damping is reduced compared to a track
on a soil with corresponding stiffness (see Fig. 4).

5.2. Ballast Mat Tracks

A ballast mat supports the ballast mass in addition to the
deeper, rail, and wheel masses. Therefore, eigenfrequencies
as low as 20 Hz are possible, depending on the stiffness of
the mat (Fig. 7). For higher frequencies, the force amplitudes
are strongly reduced where the strongest reduction is ob-
tained for the softest mat and the lowest eigenfrequency. A
number of calculations — 2D as well as 3D — have shown the
following effects. The wheel mass has only a minor influence
(Fig. 8). For wheel-set masses between 1000 and 3000 kg,
the shift of the resonance frequency is only 20%, which dem-
onstrates that the track mass and especially the ballast massis
of importance. The subsoil has almost no influence on the
performance of the ballast mat (Fig. 9). A soft soil increases
the damping. A stiff soil, as well as a plate under the ballast
mat, cannot improve the effect of a ballast mat, but they can
reduce the damping.

Frequency (Hz)

Frequency (Hz)

Figure 7. Track on a ballast mat of stiffness ky, = 2(00), 4(0), 8(a),
16(+) x 107 N/m?, (a) 2D results, (b) 3D resuits.
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(@)

FJF,

Frequency (Hz)

0 50 100
Frequency (Hz)

Figure 8. Track on a ballast mat with different wheel-set mass
my = 1000(0), 1500(0), 2000(a ), 3000(+) kg, (a) 2D resuilts, (b) 3D
results.

100 150

Frequency (Hz)

-

100 150

Frequency (Hz)

Figure 9. Tracks on a ballast mat on different soils, shear wave
speed vs = 1000(1), 500(0), 300(a), 200(+), 150(x) m/s, (a) 2D re-
sults, (b) 3D results.

5.3. Other Isolators of Railway Vibration

Figure 10 gives an overview of the results of different
tracks. A conventional track is compared with tracks on iso-

lators. The isolators are elastic elements placed at different
places of the track. The lower the position of the isolator, the
greater the supported mass. The lower the eigenfrequency of
the system and the better the obtained reduction of the force.
While the conventional track has a resonance at 90 Hz
(Fig. 10 O), it is shifted to 70 Hz for the track with medium
soft railpads (Fig. 10 O). If thereis a ballast track with deeper
shoes, more mass is elastically supported and a lower vehi-
cle-track eigenfrequency is achieved at 50 Hz (Fig. 10 A).
Ballast mat tracks further reduce the eigenfrequency to 30 Hz
(Fig. 10 +). Floating dlab tracks which are using the same
mats would result in approximately the same eigenfrequen-
cies as mats under balast tracks. In Fig. 10, a lower tuning
frequency of the floating slab track (light weight mass-spring
system) is assumed. Heavy mass-spring systems resting on an
elagtic strip or on single elements can have very low eigen-
frequencies (Fig. 10 ©). According to that, they have the
highest reduction of the forces and ground-borne vibrations.

Frequency (Hz)

Figure 10. Tracks with different isolation measures, O ballast
track on aplate, O dab track with elastic rail pads (ke = 60 kN/mm),
A ballast track with sleeper shoes (kg = 12 x 107 N/m?®), + ballast
track with ballast mat (ky, = 4x 107 N/m?),x floating slab track
and ¢ heavy mass-spring system, 2D results.

5.4. Comparison of 2D and 3D Results

The 2D and 3D results are given together in Figs. 4
through 9. The general agreement is very good, especialy re-
garding that the 2D parameters are chosen by a general rule
and not by fitting each curve. Of course, there are more de-
tails in the 3D results, for example two maxima instead of
one in Fig. 7(a), curve + and Fig. 9(a), curve x and +, and a
related frequency shift. This might be due to bending of the
deepers and waves in the ballast. (The minimum between the
two maxima is at the frequency where the shear wavelength
equals the ballast width.) But these differences between 2D
and 3D results are not so significant. The 2D method is much
faster and yields acceptable results so that it is more conven-
ient for arailway design engineer.

6. EXPERIMENTAL RESULTS

The isolation effect of the different track systems has to
be checked experimentally. For the under-ballast mat, two
practical examples are presented. The first example is a bal-
last mat with stiffness ky, = 4x 107 N/m?, which is installed
in a surface line on a soft soil (modelled as vs= 100 m/s, al
other parameters are chosen as the standard values of this
contribution).
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Figure 11(a) shows the corresponding two force transfer
functions. They have a resonance at f = 30 Hz with mat and at
f =55 Hz without mat. The ratio of these transfer functionsis

Fs / Fs
Fv with mat Fv without mat’

and yields the relative force amplitude (Fig. 11(b)). Due to
the small difference between these two resonance frequencies,
the reduction at high frequenciesis limited to 1:3 to 1:4 (-10
to —12 dB). The vibration amplitudes have been measured at
two neighboured track sections, one section with a ballast
mat, one section without a ballast mat. The relative vibration
amplitudes of these two sections are shown in Fig. 11(b). The
measured vibration reduction is a little worse than the theo-
retical force reduction, but in general, the theoretical and ex-
perimental curve agree well. Similar experimental results for
ballast mats in surface lines are reported in Nelson.! The
agreement of force and vibration reduction may be expected
because the total force acting on the soil is the only source of
the soil vibration if the measuring point is far enough away
from the quasi static-track deformation.

3

o without mat
O with mat
25+ -

(a)

2

0 i L
0 50 100 150
Frequency (Hz)

Relative amplitude

0 50 100 150
Frequency (Hz)

Figure 11. Track on soft soil with and without ballast mat, (a) force
transfer functions, (b) O relative force amplitudes (theory) and
O relative vibration amplitudes (measurement).

The second example is a track in a tunnel for which the
isolation effect is demonstrated in Fig. 12. The soil and bal-
last are modelled with vs =200 m/s. The stiffness of the bal-
last mat is ky, = 4x 107 N/m?®, and the unsprung mass of the
vehicle is my=3000 kg, according to Wettschureck.®> The
tunnel base plate reduces the radiation damping of the soil,
and the resonances at f =25 and 70 Hz are more pronounced
(Fig. 12(a)). The reduction at high frequencies reaches values
of 1:10 (—20 dB). The theoretical and experimental reduction
agree very well, demonstrating the high performance of bal-
last-mat tracks in case of atunnel line.

a  with mat
(a) o without mat
5, -
&>
o
w
0 50 100 150
Frequency (Hz)
4
. _
=]
2 i
=3
£
5 i
Qo
2
T J
9]
14
a 8 8 o &

Frequency (Hz)

Figure 12. Tunnel track with and without ballast mat, (a) force
transfer functions, (b) O relative force amplitudes (theory) and
O relative vibration amplitudes (measurement).

Thereisaprincipal error found in the measured reduction
curve. From the measurement, it might be concluded that
there is a significant reduction at low frequencies f < 10 Hz.
Actualy, thisis a systematic error which occurs if the vibra-
tion amplitudes are measured at or close to the track. At these
measuring points, the low frequency passage of the static
train loads are included in the measured signals. The wider
load distribution along the track leads to a reduced response
to these passing static loads. But this effect will not be found
at far-field points.?® Therefore, measuring points at a longer
distance from the track should be preferred to get a redlistic
vibration reduction.

Besides the modified load distribution, there is another
non-dynamic effect of isolating track systems. Elastic, as
well as dtiffening elements, may have an influence on the
track stability. A ballast mat may cause more ballast settle-
ments due to stronger ballast vibration. In a tunnel track or
for surface tracks with under-ballast mat and plate,** the side
walls prevent this track detoriation. Plate tracks have a better
track quality which yields lower vibration amplitudes at low
frequencies. This has been found more or less pronounced in
several measurements.>*% Under-ballast plates (without mats)
show asimilar reduction at low frequencies.”®

The methods presented in this contribution are suited to
predict the effectiveness of isolation measures redlisticaly.
Moreover, they are used to perform complete predictions for
a vehicle-track-soil-building situation.?*® The force transfer
function is used to calculate the resulting soil force, Fs, for
vehicle forces, Fy, or for the main source of train induced
vibration, the irregularities, s, of the vehicle and the track®
which are introduced into the calculation as Fyy =Kys. In a
second and third step, the vibration amplitudes of the soil and
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nearby buildings are calculated where the effect of the load
distribution of Fs is introduced in an approximate manner.®
Such a validated simple tool for the force transfer of tracks,
the isolation performance and the prediction of environ-
mental vibration will be useful for railway operators and per-
manent way designers.

7. CONCLUSIONS

Two methods are available to calculate tracks with isola-
tion measures, the three-dimensional finite-element boundary-
element method and the simple two-dimensional beam-on-
support method. Results are presented about railway tracks
without and with ballast mats. The reduction of the forces
acting on the ground is considerable. The influence of a num-
ber of parametersis analysed. The most important parameters
are the mat stiffness, the track mass, and, partly, the wheel
mass. The methods have also been applied to other isolation
measures at railway tracks such as soft railpads, elastic seeper
shoes, lightweight floating slab tracks, and heavy mass-
spring systems. It turns out that each system has a specific
frequency range. The system with the lowest vehicle-track ei-
genfrequency yields the best reduction but this may be the
most expensive reduction measure. Therefore, the best reduc-
tion measure must be chosen according to the situation at
hand.

APPENDIX. TWO-DIMENSIONAL MULTI-BEAM METHOD

The track system consists of n beams with bending stiff-
ness El; and mass density m. Between the beams, there are
support elements as springs, dampers, masses, and columns.
The multi-beam system is described by a set of n differential
equations

Elu”+m u+K'u=0, (AD)
and a set of boundary conditions
Elu"(0)=5er; u(0)=0, (A2)

El isadiagona matrix of the El;, and m' is a diagonal matrix
of the m{, and K’ is a nxn matrix assembled from the 2x 2
dynamic stiffness matrices Kjj of each support section. The
solution for this track system — for one of the symmetric
halves of the system —isfound as

2n
uX) =Y, Avie, (A3)
j=1
with the solutions &; of the eigenvalue problem
(Bl —mw? +K)u=0;
El (mw?-Ku=E4; Au=Al, (A4)

with the corresponding eigenvectors v;. The 2xn eigenval-
ues with a negative rea part are chosen from the 4 x n roots
of the n eigenvalues &4 in order to get the physically correct
solution for positive values of x. The contribution, A;j, of each
eigenform, vj, is calculated from the system of 2xn linear
boundary conditions

2n 2n
U(0) = X vig A =0; u"(0) = X, vic? A = SEI ey (A5)
=1 =1

The solution Eq. (A3) gives the compliance or stiffness of
the track as Nt = /Kt = u1(0) and the force on the sail is cal-
culated as

R / ! 7 2 EiX
Fs= | Ksun(x)dx=2KS£j§1Ajvjnel dx

2n o ) 2n AiVi
=2K5 2 Avin [esiax=2Kg > . (A6)
= 0 I

=1 ¢
There is another way to calculate the force transfer of the

track. The following relations hold for the integrals of the
forces and displacements

[ Flax=(K'-m'w?) [ udx=Kp | udx;
[ udx=Kpt | Fldx,

—00

(A7)

because the bending stiffness redistributes the load without
modifying the total force. Therefore, the total force Fs can be
given as

Fs= | Fadx=Kj |

undx=K5(Kg 1) | Frox

= Ks(KpmFr. (A8)
The force transfer of the track is determined by the dy-

namic stiffness, K', of the support elements and the mass, N,

of the beams, whereas the bending stiffness has no influence.#
Equation (A8) reads as

k' +cliw

Fs=KsKoDmFr=17 0o —maz

Fr, (A9

for a single rail beam and a simple support and this proves
Eq. (18) of section 3.
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