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It has long been observed that the dynamic response of a structure changes due to the presence of a crack. Scien-
tific analysis of such phenomena can be utilised for fault diagnosis and the detection of cracks in structures. The
present investigation is an attempt in that direction. Theoretical expressions have been developed in order to de-
termine the natural frequencies and mode shapes for an elastic cantilever beam with two cracks using flexibility
influence coefficients and a local stiffness matrix. The numerical results for the beams without cracks, with one
crack, and with two cracks are compared. It has been observed from the numerical results that there are appre-
ciable changes in the vibration characteristics of the cantilever beam with and without cracks. This method can

be utilised for multi crack identification of structures.

Nomenclature

a1 — depth of crack

az — depth of crack

A — cross-sectional area of beam

Ai, 1=1,18 — unknown coefficients of matrix A
B — width of the beam

w — depth of beam

B1 — vector of exciting motion

Cu= (E/P) V2

cy = (El ju)*?

E — Young's modulus of elasticity
Fi,i=12 - experimentally determined function
i, — variables

J — strain-energy release rate

Kii,i=1,2 — sressintensity factors for P; loads
ku = a)L/CU
IZy = (COLZ/Cy)l/z

Kij — local flexibility matrix element

L — length of beam

L1, Lo — location of the crack from fixed end

Mi, i=1,4 — compliance constant

Mj; = Mi/M;

Pi,i=1,2 - axial force (i = 1), bending moment (i = 2)
K — stiffness matrix for free vibration

K',K" — dtiffness matrix of first and second crack locations
Ui, i=1,3 — normal functions (longitudinal) u;(x)

X — co-ordinate of the beam

y — co-ordinate of the beam

Yo — amplitude of the exciting vibration

yi,i=1,3 - normal functions (transverse) y;(x)

w — natura circular frequency

B — relative crack location (L1/L)
B2 — relative crack location (L2/L)
u=~Ap

p — mass density of the beam

v — Poison’sratio

&1 — relative crack depth (a1/W)
) — relative crack depth (az/W)
QI — determinant of Q

1. INTRODUCTION

For the last several years, a considerable amount of re-
search work has been undertaken to investigate the faults in
structures. It has been observed that most of the structural
members fail due to the presence of cracks. The cracks are
developed mainly due to fatigue loading. Therefore the de-
tection of cracks is an important aspect of structural design.
A crack that occurs in a structural element causes some local
variation in its stiffness, which affects the dynamic behaviour
of the element and the whole structure to a considerable de-
gree. The frequencies of natural vibration, amplitudes of
forced vibration, and areas of dynamic stability change due to
the existence of such cracks.*® An analysis of these changes
makes it possible to identify the magnitude and location of
the crack. This information enables one to determine the de-
gree of sustainability of the structural element and the whole
structure.

Regarding the above problem, Cawley et a.® have com-
bined sensitivity analysis with FEM to determine crack loca-
tion. The coupling of vibration modes of vibration of a
clamped — free circular cross-section Timoshenko beam with
a transverse crack was investigated by Papadopoulos and
Dimarogonas.” The crack is simulated using a 6x6 local
flexibility matrix. The nondiagonal terms of this matrix cause
coupling between the longitudinal, torsional, and bending vi-
brations. The researchers observed that the method used is
very sensitive even in the case of small cracks.

Gudmundson® has investigated the transverse vibration of
a cracked beam experimentally to validate a perturbation
method which he had developed. He observed that depend-
ing upon the crack location, a crack may remain completely
open, partially open, or closed if the vibration amplitudes are
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too small. Chondros and Dimarogonas’ have considered the
crack asalocal eagticity which affects the whole cracked struc-
ture under consideration, and they related the crack depth
with the decrease in frequency.

Gounaris and Papazoglou™ have used a mixed finite-
boundary element method to study the dynamic behaviour of
a cracked Timoshenko beam. They have vibrated the beam in
air and in water in plain bending, using two degrees of free-
dom for each mode. Papadopoulos et a.™* have used a 6x6
compliance matrix to simulate a cracked shaft and to study its
dynamic behaviour. They concluded that the presence of a
crack affects the modes of vibration.

Papadopoul os and Dimarogonas' have described the cou-
pling of the bending and longitudinal vibration of a station-
ary cracked shaft with an open crack. The crack is modelled
using a2x 2 local flexibility matrix with coupling terms. The
elements of this matrix are obtained analytically. The free vi-
bration of the shaft and the influence of this crack on the vi-
brational behaviour of the shaft are analysed.

Dimarogonas and Massours®® have investigated the dy-
namic behaviour of a circumferentially cracked shaft in tor-
sion and proposed nomographs for finding the crack depth
and location.

A diagnostic method of determining the position and size
of a transverse open crack on a stationary shaft without dis-
engaging it from the machine system was investigated by
Tsai and Wang.* The crack is modelled as a joint of alocal
spring. To obtain the dynamic characteristics of a stepped
shaft and a multi-disc shaft, the transfer matrix method is em-
ployed on the basis of the Timoshenko beam theory. The
post-buckling behaviour of a cracked column with an edge
crack was studied by Anifantis and Dimarogonas.®®

The prediction and identification of transverse cracks in
beams with different end conditions were studied by Moham-
mad.’® He has developed an agorithm for crack identification.
The input data for his algorithm are the natural frequencies of
the first two bending modes of vibration of the damaged
beam. Using these two input values, and with the availability
of accurate frequency measurements and ideal end conditions,
the crack location and depth are identified in terms of known
beam parameters.

A numerical method was described by Chinchalkar'” for
determining the location of a crack in a beam of varying
depth when the lowest three natural freguencies of the
cracked beam are known. The crack is modelled as a rota-
tional spring. The graphs of the spring stiffness versus crack
location are plotted for each natural frequency to find out the
crack location.

A theoretical and experimental study of the dynamic be-
haviour of different multi-beams systems with a transverse
crack was presented by Saavedra and Cuitino.** The addi-
tional flexibility that the crack generates in its vicinity is
evaluated using the strain energy density function. Based on
this flexibility, a new cracked finite element stiffness matrix
is deduced. The proposed element is used to evaluate the dy-
namic response of a cracked free-free beam subjected to a
harmonic force.

The experimental vibration behaviour of a free-free beam
with a breathing crack was simulated by Jyoti et a.® The
cracked beam is simulated for a sinusoidal input force using a
simple finite element model. The simulation results are com-
pared with an earlier study and found to be more redlistic.

The fundamental frequency of cracked Euler-Bernoulli
beams in bending vibrations was studied analytically by Fer-
nandez and Navaro.”® They have solved the problem using
the flexibility influence function which leads to an eigen-
value problem formulated in integral form.

In the present paper, an analytical-computational tech-
nigue has been developed for vibration analysis of the canti-
lever beam with cracks. The numerical results are compared
with the experimental results in order to confirm the authen-
city of the theory developed.

2. LOCAL FLEXIBILITY OF A CRACKED BEAM
UNDER BENDING AND AXIAL LOADING

Transverse surface cracks of depths a; and a, are consid-
ered on a beam of length L. The beam has local flexibilities
which are affected in many directions by the cracks. The re-
sulting flexibilities depend on the direction of the applied
forces. The beam has a depth W and a width B. The beam is
assumed to be loaded with an axial tensile force P; and a
bending moment P2 (shown in Fig. 1). The bending moment
has a direction so that its influence opens the crack. The axial
force P1 and bending moment P2 provide coupling with the
longitudinal and transverse vibration motion. For these load-
ings, the additional displacement u; along the direction of
forces P; due to the presence of the cracks are computed us-
ing Castigliano’s theorem?® and by generalisation of the Paris
equation, under the assumption of linear, elastic fracture me-
chanics conditions.

s —>x
31@' azil %da W ?F?
>
|eL, |

Figure 1. Geometry of cantilever beam.

In general, the strain energy of a fracture section can be
written as:

oUr

UT:j OA

As

dAs, 1)

where Ut is the total strain energy due to the crack and As is
the surface of the fractured section. The energy release rate J
isgiven by:

I=Za 2

Using Egs. (1) and (2), one can find

U= | JdAs . ©)
As

4
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From Castigliano’s theorem,? the displacements u; are

_aur
Ur =" @)

where U; are the relative displacements in the neighbourhood
of the crack and P; are the corresponding loads. The compli-
ance factors are determined by

OU;j
Cij = a_P;v (5)

where Cjj is the influence coefficient, i.e., the deflection in
the direction of u; due to a unit force applied in the direction
of uj. Combining Egs. (3) to (5), one obtains

=oP; = aPiap; 5 N0 ©)
Equation (6) gives the compliance factors as functions of
the strain energy release rate. The energy release rate is a

function of the stress intensity factors. The stress intensity
factors for all modes of fractures® are given by the expres-

sion
g G ] o

where k=1+v, v is the Poisson’s ratio, E' =E/(1-v) for
plain strain condition, and E is Y oung’'s modulus.

For the open mode of the crack of the beam, Eq. (7) can
be rewritten as

J:%(K|1+K|2)2. (8)

The expressions for stress intensity factors from earlier
studies? are

KIl:BP_\}V‘/ﬁ(Fl(ViV)); 9)
K12 =gy /78 (F2(7)).

where the functions F1 and F2 are given by?

Fa(y) = (Za)

0752+ 2.02(a/W) +0.37(1 - s n(na/2W))3
cos(ra/2W)

(10)

2Wt
na

2W tan
a

F ( a ) ( a) 0.923 +0.199(1 — sin(za/2W))*
AW 2w cos(za/2W)
For a beam with a surface crack of width B, the flexibility
elements can be written as

B2 a;

[ | @ dadz.
-Bl2 0

ou; ok
= 5P, = PP,

(11)

Incorporating the value of the strain energy release rate J,
Eq. (8), and stress intensity factors K1 and K2, Eq. (9) and
(10), Eq. (11) can be modified as

cij=B 2 af(K +K2)?da (12)
U =1 apiapj 5 11 12 .
Writing & = (a/W), one obtains d¢ = da/W.
We get da=WdZ and whena=0, £ =0, and whena=ay,
E=a/W=¢;.
From the above condition, Eq. (12) becomes

BW_ 9%

Cij= =] aP 5P j(KI1+KI2) dé. (13)

From Eq. (13), the influence coefficients C11, C12(= Ca1),
and Cx2 can be calculated as.

e

29e:

(14)

&1
Cio=Cor = gy | SFuOFa o= £ jf(Fl(é)) dz;
v (15)
__72n ¥
Cz= ppwe | SFaOFA)de. (16)

In dimensionless form, the above equations, Egs. (14) to
(16), can be written as:

Cu=Cu>—; (17)
_ _ !
Cpo=Cx=Cp E1287\TN’ (18)
B2
Cxn=Cx 7%\7/;/ . (19)

The local stiffness matrix can be obtained by taking the
inverse of the compliance matrix.

-1
[ Ku K2 } [ Cu Co ]
Ka1 Kz C21 C22

The stiffness matrix for the position of first and second
crack can be obtained as follows:

Kr K, / / -1
/ 11 12 11 12
K'= Kr K/ = C/ C/ (20a)
21 22 21 22
and
-1
1 1 " "
KH _ Kll K12 _ 11 C12 (20b)
- K// K// - C// C// .
21 22 21 22
1
< LR
 0.754 R
© R
x e
[ a
® p;
o 0.5
[
=
©
© 0.25-
1
O T T T T
-6 3 0 3 6 9
Dimensionless compliance

Figure 2. Relative crack depth vs. dimensionless compliance.
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The dependence of the crack depth on the dimensionless
compliance is shown in Fig. 2 for three values of compliance
factor.

3. ANALYSIS OF VIBRATION CHARACTERISTICS
OF THE CRACKED BEAM

3.1. Free Vibration

A cantilever beam of length L, width B, and depth W with
crack depth a1 at a distance L1 and crack depth az at a dis-
tance L, from the fixed end is considered (shown in Fig. 1).
The system is described by equations for longitudinal and
transverse vibration®

12
where ky = %. ky = (wc—l;zj ,u=Ap, Ai(i=1,18) are the
constants to be determined by the boundary conditions.

The associated boundary conditions for the cracked canti-
lever beam under consideration are: at the clamped end, the
longitudinal deformation (24), the bending deflection (25),
and slope of beam (26) are zero. At the free end, the longitu-
dina force (27), the vertica bending moment (28), and the
shear force (29) are zero. At the crack section, the axial force
before and after the crack (30) and (34), the lateral displace-
ment (31) and (35), the bending moment (32) and (36), and
the shear force (33) and (37) are same. To the left and right
of the crack, we find discontinuity of axial deformations (38)
and (40) and bending moments (39) and (41).

Pu_1Pugy OV 1Y o
ox2 ~ cg ot2 ox4 ~ g o2’ 01(0)=0; (24)
where ¢, = (E/p)*? and ¢, = (El /) V2. y1(0) =0; (25)
Here, ui(x,t), uz2(x,t), and us(x,t) are longitudinal vibra- . _
tions for the sections before and after the cracks. Moreover, y1(0)=0; (26)
y1(x,1),y2(x,1), and ys(x,t) are bending vibrations for the a4(1) = 0; @7)
same sections (shown in Fig. 3). siym
] y5 (1) =0; (29)
Z | | o
4 @y (f1) = 05(B1); (30)
A 1 y1(B1) = y2(B1); (31)
Y2 y3
D S \ ¥1(B1) =y5(B1); (32)
Y. ! -
1 . | 7181 =93 (51); (33)
Figure 3. Beam model with cracks. 05(62) = O () (34)
If T is the period of vibration, Eq. (21) can be written in y2(82) = y3(B2); (35)
nondimensional form as i i
¥2(B2) = ¥5(B2); (36)
o201 ¢%a oYy 1 0% y y
E T = T 2 (62) = 5 (B2 37
where M1 M2} (B1) = M2(02(81) — G1(81)) + M1(¥5(B1) - V1 (B1)) ;
L —L,y—L, - T 1= L 2= L
The normal functions for the system (22) are® M3aMay;(B1) = Ma(y2(B1) - ¥1 (1)) + Ma(02(81) - Ul(ﬁl();é)
= K, in(kyx) : 23
02(%) = Ascos(kux) +Azsin(RuR) (23 o (5,) = Mo(a(82) - 02(82)) + Ms(g62) - 74(52))
02(X) = Az cos(kuX) + A sin(kyR) ; (23b) (40)
-y _ =/ _ _ A
050 = As coslk) + Agsin(®);  (aey  MTMOVE) =Mel5sFe) =)+ Malos(f) - aalfe )
_ _ where
y1(x) = A7 cosh(k,x) + Ag sinh(kyx) (23d)
_ o Moo PE .\ _AE. Bl Bl
+Ag cos(k,X) + Azo sin(kyX) ; VT TP K R T Ky T LKy,
_ s __AE . _AE. __El . __E
YZ(X) =An COSh(kyi) + A1 Slnh(kyX> (236) Ms = LKé{l ; Me = Ké]iz ; M7= LK%2 ; Mg = LZKgl .
+ Aus 0s(Ky%) + Asa sin(kyx) The normal functions given in Egs. (23) along with the
~ ~ boundary conditions assumed in Eq. (24) through Eq. (41)
¥3(X) = Ass cosh(kyX) + Ase sinh(kyX) (230 yield the characteristic equation of the system as:
+ A7 cos(kyX) + Asg sin(kyX) , IQl =0, (42)
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where
0O O 0 0 0 0 0 0 0
1 O 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0O O 0 0 0 0 0 0 0
0O O 0 0 0 0 0 0 Gs
0O O 0 0 0 0 0 0 Ga
0O O 0 0 0 0 0 0 0
Gy Gy Gs Gg -Gi1 -G -Gs -Gg 0
[0] = Gy Gy -Gs -Gg -G1 -G, Gs Gg 0
Ql= Gy, G Gg -Gs -G, -G; -Gg Gs 0
0O O 0 0 0 0 0 0 0
0O O 0 0 Gg G Gu G2 -G
0O O 0 0 Gy G -Gun G2 —Gog
0 0 0 0 Glo Gg Glz —Gll —Glo
S-S S - S8 S -S S 0
S S8 -S9 -Spo -S11 -S12 Sz S O
0 0 V3 V4 —V5 VG _V3
0 0 0 0 V7 Vs —Vg —V10 —Vll
where
T1=sinky; To =cosky; T3 = cos(kyy);
T4 = sjn(IZuy); Ts= COS(Ruﬂ); Te= S.n(lzuﬁ);

G1 = cosh(kyB); Gz =sinh(kyp); Gz = cosh(ky);
Ga =sinh(ky); Gs = cos(kyf); Ge = sin(kyp);
G7 = cos(ky); Gg =sin(ky); Gg = cosh(kyy);

G1o = sinh(kyy); Gu1 = coslkyy); Gz = sin(kyy);

AE AE El El
M1=—"—; M=, M3= i Mg = ;
Pk K Lk L2y

M12 = M1/M2; M3s =M3s/My;
S1=Ts—M1k Te; S2=Te+MikyTs; Sz =Mi2kyGy;
Su = M12kyG1; Ss = M12kyGe; Ss = M12KyGs;

S7 = M3kyGy + kyG2; Ss = M3k, G2 + kyGy;

Sy = M3|Z§,Gs + Rsz; Sio= M3R§,Ge - RyG5;
Si1 = kyG2; Si2 = kyG1; Si3 = kyGe;

Si4 = KyGs; Si5=MaaTs; Si6=MaaTe;

AE . 1 _ AE. El_.
Lk " Kz Lkz, '

Mss = Ms/Mg; M7g = M7/Ms;

El

M — .

M7 =

Mg =

V1 =Ts—MsKyTs; Vo =Ta+MskyTs; Va=MsskyGio;
V4 = MsskyGo; Vs = MsskyGiz; Ve = MsgkyGaa;
V7 = M7kyGe + kyG1o; Vs = M7kyGao + kyGo;

Vo = M7Kk;G11 + kyG12; V1o = M7kyGiz — KyGus;
V11 =kyG1o; V12 = kyGo; Vi3 =kyGa;

V14 =kyG11; Vis =MzgTs; Vie=MzgTs,

0 0 0 1 0 0 0 0 0
0 0 0 0O O 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0O O 0 0 -T1 -T»
Gy -Gy -Gg O 0 0 0 0 0
Gz Gg -Gz 0 O O 0 0 0
0 0 0 -Te Ts Tg -Ts 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0O O 0 0 0 0
0 0 0 0 0 0 0 0 0 '
0 0 0 0 0 -Ts4 Tz T4 -T3
-G -Gi1 -G 0 0 O 0 0 0
-G Guu Gz O 0 0 0 0 0
-Gg -G Gu 0 O O 0 0 0
0 0 0 SS - Ts Ts 0 0
0 0 O Si5 Sie -Si5 -Sis O 0
Va4 Vs Vg O 0 Vi Vo T3 T4 |
V12 Viz -Viu 0 0 Vis Vg —Vis Vi

where |Q| is a function of the natural circular frequency w,
the relative crack locations 51 and f2, and the local stiffness
matrices K' and K", which in turn are functions of the relative
crack depths.

3.2. Forced Vibration

If the cantilever beam with transverse cracks is excited at
its free end by a harmonic excitation (Y= Yo sinwt), the non-
dimensional amplitude at the free end may be expressed as
¥3(1) = yo/L = yo. Therefore, the boundary conditions for the
beam remain the same as before except in the case of the ex-
pression Eq. (29), which is changed to y3(1) = yo.

The constants A (i = 1,18) are computed from the alge-
braic condition Q1D =B, where Q1 is the (18 x 18) matrix
obtained from the boundary conditions as mentioned before,
D isacolumn matrix obtained from the constants, and B; isa
column matrix whose transpose is given by

BI=[000y,00000000000000].

4. NUMERICAL ANALYSIS

An aluminium cantilever beam with a uniform cross-sec-
tion area of length 80 cm, breadth 5 cm, depth 6 mm, modu-
lus of dasticity E =0.724x 10M N/n?, Poison’sratio v = 0.334,
and density p = 2713 kg/m? is considered for numerical ana-
lysis. The cracks are situated at two different positions
(L1/L=0.125, Lo/L =0.25). The crack depths are chosen such
that a1 /W= 0.001, 0.1667,0.334, and 0.5. The first, second,
and third natural frequencies corresponding to various crack
conditions are calculated. The fundamental mode shapes for
longitudinal and transverse vibration of cracked and un-
cracked beams are plotted and compared. The transverse and
longitudinal mode shapes for the beams are plotted for beam
position (X) in cm vs. relative amplitude (G) and (y) respec-
tively. The magnified view of the mode shapesis also plotted
for the elastic cantilever beams in the vicinity of the crack in
order to observe the change in the mode shape.

Similarly, results are obtained for a mild steel beam having
the same geometry as an aluminium beam. The mild steel beam
specimen has a modulus of elasticity E=2.1x10 N/n?,
Poison’s ratio v=0.3, and density p =7860 kg/m*. The nu-
merical results are shown in Figs. 4-32.
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Figure 4. Transverse vibration (¢1 =0.1667, /1 = 0.125). (a) First

mode; (b) second mode; (c) third mode.

Figure 6. Transversevibration (1 = 0.5, 1 = 0.125). (a) First mode;
(b) second mode; (c) third mode.
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Figure 7. Transverse vibration (¢1 = 0.1667, &, = 0.334, f1 = 0.125,

P2 =0.25). (a) First mode; (b) second mode; (c) third mode.
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Figure 10. Transverse vibration (£1=0.5, £, =0.5, f1 =0.125,
2 =0.25). (a) First mode; (b) second mode; (c) third mode.
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maode; (b) second mode; (c¢) third mode.

International Journal of Acoustics and Vibration, Vol. 11, No. 1, 2006



R.K. Behera, D.R.K. Parhi, S.K. Sahu: DYNAMIC CHARACTERISTICS OF A CANTILEVER BEAM WITH TRANSVERSE CRACKS

2 0.052
a
161 (a) 0.0518 (a)
o Sooste{ e
212 =
g_ ______ 5 0.0514+
< 0.8 + E 0.0512 4
) 0.0514 ---- with crack
04 w!th crack | f ) TR —— without crack
3 —— without crack 0.0508 - . . . . . i '
0 T T T T 9.998 9.998 9.999 9.999 10 10 10 10 10 10
0 20 40 60 80 100 Beam position
Beam position 02772
2 b 0.0277 4 (b)
1.5 1 e () o 027684 - T :
9 1] g 0.2766 1 ‘:
205 £ 0.2764
Fhe g 0.2762
§ 0 y T 0.276 - i orack
05 4 20 40 100 0.2758 ---- with crac
) —— without crack
A4 with crack 0.2756 . . . i .
—— without crack ' 9.994 999 9.998 10 10.002 10.004 10.006
-1.5 5 " Beam position
. eam position 06507 —
0.65065 ©
31 (c) 0.6506 - {
o 21 £0.65055 -
= 3 0.6505
2 1 T = 0.65045 -
5 0 e —— . £ 0.6504
< 1 20 80 100 <€ 0.65035 - ;
’ 0.6503 ---- with crack
27 ... with crack 0.65025 - —— without crack
-39 —— without crack 0.6502 . ; ; i
4 — 9.9985 9.999 9.9995 10 10.0005 10.001
Beam position Beam position

Figure 12. Longitudina vibration (¢1=0.5, £2,=0.5, f1 =0.125, Figure 14. Magnified view of transverse vibration, aluminium beam

f2=0.25). (a) First mode; (b) second mode; (c) third mode. (¢1=0.1667, $1 = 0.125). (a) Firs mode; (b) second mode; () third mode.
0.052 2.5
0.0518 - (a) )] (a)
o 0.0516 0]
© ©°
2 0.0514 2157
£ 0.0512 g .
< 0.051 1 i orack <
; ---- with cracl ;
0.0508 ) 0.5 — - - - with crack
—— without crack — without crack
0.0506 . . . : : 0
9.997 9998  9.999 10 10.001  10.002 10.003 ' y ! '
Beam position 0 20 ‘:30 _tlso 80 100
0.278 ) €am position
0.276 () 151 (b)
© 0.274 o
202294 e T 054
g 027 s, 2 20 40 100
< 0.268 ) E' 7
0.966 ; - -- - with crack -1 4
0‘26 ---------------------------- —— without crack 154 . with crack
264 T T r r T 24 without crack
99985 9999 99995 10  10.0005 10.001 10.0015 25
Beam position Beam position
0.6508 . 25
0.6507 - B (] 2 ©)
o 0.65061 / 15
S 0.6505- g 1
S 0.6504 = 05 1
E o
£ 06503+ 5: 0 :
0.6502 T with crack 0.5 - 20 100
0.6501 4 — without crack 19 . with crack
0.65 r T T T T T T 159 __ without crack
9.9975 9.998 9.9985 9.999 99995 10 10.001 10.001 10.002 2 —
Beam position Beam position

Figure 13. Magnified view of transverse vibration, aluminium beam  Figure 15. Transverse vibration, mild steel beam (&, =0.001,
(€1 =0.01, 1 =0.125). (a) Firs mode; (b) second mode; (c) thirdmode. 1 = 0.125). (a) First mode; (b) second mode; (c) third mode.

10 International Journal of Acoustics and Vibration, Vol. 11, No. 1, 2006



R.K. Behera, D.R.K. Parhi, S.K. Sahu: DYNAMIC CHARACTERISTICS OF A CANTILEVER BEAM WITH TRANSVERSE CRACKS

0.05183
0.06
0.05182 (a)
0.05 (a) o 0.051811
° T 00518+
3 0047 2 0.05179
= | 2 0.05178 4
g 0.03 £ 005177
< 0.021 0.05176 ---- with crack
0014 - . ---- with crack 0.05175 - — without crack
) —— without crack 0.05174 T T T T
0l 9994  9.996 9.998 10 10.002  10.004
0 20 40 60 80 100 019472 Beam position
Beam position 019471
0.0015 o 0-19468- ®)
0.001 - (b) T 0.19466
£ 0.19464 1
£ 000054 & 0.19462
2 ok < 0.19461
= j j oy y 0.19458 - ---- with crack
E -0.0005 | 20 40 & 80 100 0.19456 - - —— without crack
, 0.19454 , . . .
-0.0014 "7 W!m Cffc" ‘ 19.998 20 20.002 20.004 20.006  20.006
10,0015 without crac Beam position
A Beam position . . . . . .
0002 P Figure 18. Magnified view of first mode of transverse vibration,
000154 e © mild stedl beam (¢1 = 0.001, ¢, = 0.001). (a) 1 = 0.125, (b) 2 = 0.25.
, 0001
T 0.0005; 0.28
3 j - - i (a)
£ 0 B - : 0.275
E£-0.0005 20 80 100 g 0271 [
00014 with crack E— 0.265 1 l
-0.00154  __ without crack < 026 1
-0.002 ---- with crack
Beam position 02551 —— without crack
0.25 ; : ; . . .
Figure 16. Longitudinal vibration, mild steel beam (¢1 = 0.001, 9.994 9.996 9998 10 10002 10.004 10.006 10.008
- X Beam position
p1=0.125). (a) First mode; (b) second mode; (c) third mode. 0.85
0848 - (b)
0.846 -
25 © 0.844 -
S 0.842
21 (a) £ 084+
o € 0.838
T 151 <€ 0.836
%_ 0.834 + ---- with crack
g 14 08324 — without crack
<54 0.83 ; ; . . . :
: 19.996 19.998 20 20.002 20004 20.006 20.008 20.01
04 ---- with crack Beam position
—— without crack
0.5 5 e e s %0 100 Figure 19. Magnified view of second mode of transverse vibration,
Beam position mild steel beam (¢1 = 0.001, ¢, = 0.001). (a) 1 = 0.125, (b) 2 = 0.25.
2
154 (b) 0.277
14 0.2768 - e (@)
[
3 0.5 A go2re64
£ 0 r . 2 02764 1
E-054 20 40 100 2 02762
1_; ] < 0276 - ith crack
-1.59 9 ---- with crack -~~~ with cracl
-2 4 —— without crack 02758 + — without crack
25 0.2756 . . . . . : :
Beam position 9994 9996 9998 10 10.002 10.004 10.006 10.008 10.01
25 Beam position
2+ © 0.846 - )
1.5 08441 T
% 14 )
0.842
2 05- 3
£ 0 : 5 0847 ---- with crack
< 054 20 100 E 0.838 —— without crack
1'; 7 ---- with crack 0.836 [
;2 —— without crack 0.834 . . i . i i .
Beam position 19.994 19.996 19.998 20 20.002 20.004 20.006 20.008 20.01
Beam position

Figure 17. Transverse vibration, mild sted beam (£1 = 0.001,£2 = 0.001,  Figure 20. Magnified view of third mode of transverse vibration,
p1=0.125, B, = 0.25). (a) First mode; (b) second mode; () third mode.  mild steel beam (1 = 0.001, ¢, = 0.001). () 1 = 0.125, (b) 52 = 0.25.

International Journal of Acoustics and Vibration, Vol. 11, No. 1, 2006 11



R.K. Behera, D.R.K. Parhi, S.K. Sahu: DYNAMIC CHARACTERISTICS OF A CANTILEVER BEAM WITH TRANSVERSE CRACKS

N
o

(a)

Amplitude
- o N

o
o

- - with crack
—— without crack

[w]

20 40 60 80 100
Beam position

o

(b)

o I =
mo v N
| A

100

Amplitude

14

-1.5 4 -- with crack
24 —— without crack

2.5

Beam position

25
2- @

20

Amplitude

100

S o =
o g =

14
-1.5 4
2

-- with crack
—— without crack

Beam position

0.002
S oot ] e (@)
0.0014 1
0.0012 1

0.001 1
0.0008 1
0.0006 1
0.0004 1 .
0.0002 4 *

0 T T T T
0 20 40 60 80 100
Beam position

Amplitude

-- with crack
—— without crack

0.0025
0.002 - (b)
0.0015 T :
0.001
0.0005

Amplitude
o

-0.0005 4 20 40 g0 80 100

-0.001 -

-0.0015 +
-0.002 -

-0.0025

- - with crack
—— without crack

Beam position
0.0025

0.002 - _ (c)
0.0015 -

0.001 A
0.0005

T

-0.0005 20
-0.001
-0.0015 4
-0.002 A
-0.0025

Amplitude
()

100

- - with crack
—— without crack

Beam position

Figure21. Transversevibration, mild sed beam (¢1 = 0.1667,¢, = 0.1667,
f1=0.125, 5, = 0.25). (a) First mode; (b) second mode; (c) third mode.

0.04
0.035 @)
0.03
0.025
0.02
0.015
0.014
0.005

0 . : : :
0 20 40 60 80 100
Beam position

Amplitude

- - with crack
—— without crack

0.04
0.03
0.02
0.01

0 , ' S ;

0014 20 40 < 80 100

-0.02 N

-0.03

0.04

(b)

Amplitude

- - with crack
—— without crack

Beam position

0.04
0.037
0.027
0.014

0 T
-0.014
-0.02 4
-0.034
-0.04

(©

Amplitude

100

- - with crack
—— without crack

Beam position

Figure 22. Longitudind vibration, mild stedl beam (£1 = 0.001,¢, = 0.001,
f1=0.125, > = 0.25). (8) First mode; (b) second mode; (c) third mode.

Figure 23. Longitudinal vibration, mild steel beam (&1 =0.1667,
£, =0.1667, 1 = 0.125, > = 0.25). (a) First mode; (b) second mode;
(c) third mode.

5. EXPERIMENTAL SET-UP

An experimental set-up shown in the schematic diagram
(Fig. 33) was used for performing the experiments on alu-
minium and mild steel cantilever beam specimens. While
conducting the experiment on the aluminium specimen, small
mild stedl foils (Ilength 1 cm, width 1 cm, and thickness 0.05 cm)
are adhered on the surface of beam. Ten foils are placed at
10 cm apart each on the aluminium beam. The specimen is
set to vibrate under first, second, and third fundamental fre-
guencies. A non-contact type of magnetic sensor (vibration
pickup) was used to receive the signals at various positions
where the foils are placed. The gap between the sensor and
foil was kept as 0.2 cm. The signals obtained were fed to the
vibration indicator through a power amplifier. The measured
signals were used to plot the mode shapes for comparison
with the theoretical results.

Similarly, experiments are performed on mild steel beam
specimens. The experimental results for the aluminium beam
areshown in Table 1.

6. DISCUSSION

The results obtained from the numerical analysis are pre-
sented in graphical forms.

The transverse vibration mode shapes for an aluminium
beam with a single crack are shown in Figs. 4-6. In these fig-
ures, the relative crack depths considered are 0.1667, 0.334,
and 0.5 respectively. However, the relative crack position was

12
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Figure 31. First fundamental frequencies of a cracked aluminium
beam for various crack positions and depths. () Contours; (b) 3-D plot.

fixed at 0.125 for single crack analysis. For the two-crack beam
vibration analysis, different combinations of relative crack
depths were considered. Figures 7-10 show the transverse mode
shapes for an aluminium beam with relative crack depths
0.1667, 0.334, and 0.5 respectively. For the same beam, the
relative crack locations were chosen at 0.125 and 0.25.

The longitudinal mode shapes for a single deep crack
(a2/W=0.5) are shown in Fig 11. For deep two cracks (a1/W=
ax/W=0.5), the results are shown in Fig. 12. For minute
(a1/W= 0.001) and moderate cracks (a1/W= ax/W=0.1667),
the magnified views of transverse mode shapes at the crack
locations are depicted in Figs. 13 and 14.

Similar results, as discussed above, were obtained for the
mild steel beam. The results are shown in Figs. 15-26. It is
observed that there are no significant changes in transverse
mode shapes for a minute crack (a1/W= az/W=0.001) when
compared with the same uncracked cantilever beam. For a
moderate crack (a1/W= 0.1667), appreciable changes in mode
shapes are noticed. For deep cracks (a1/W= ax/W=0.5), the
change in mode shapes are quite substantial. However, re-
markable changes are observed in longitudinal mode shapes
at the crack positions even for a very small crack. Further-
more, the numerical results indicate that the deviation be-
tween the fundamental mode shapes of the cracked and un-
cracked beam is always sharply changed at the crack
location. Such behaviours are noticed in the magnified views
of the mode shapes.
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Figure 32. First fundamental frequencies of a cracked mild steel
beam for various crack positions and depths. (a) Contours; (b) 3-D plot.
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Figure 33. Schematic block diagram of experimental set-up. 1 - vi-
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supply, 5 - power amplifier, 6 - vibration generator, 7 - cantilever

beam specimen.
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Table 1. Experimental results for aluminium beam (L =80 cm,
B=5cm, W=0.6 cm).

Crack | Crack | Crack | Crack Frequency (Hz)
location |location | depth | depth first | second | third
Li(cm) | Lz (cm) | az (cm) | a2 (€M) | mode | mode | mode

5.0 10.0 0.1 0.1 48.0 302.3 | 846.0
5.0 10.0 0.2 0.1 47.6 301.7 | 845.9
5.0 10.0 0.2 0.2 474 301.6 | 8425
5.0 10.0 0.3 0.3 46.0 300.0 | 8345
5.0 10.0 04 04 2.2 295.0 | 812.0
10.0 20.0 0.1 0.1 48.0 302.3 | 845.9
10.0 20.0 0.1 0.2 47.8 302.2 | 8425
10.0 20.0 0.2 0.1 47.6 301.7 | 8425
10.0 20.0 0.2 0.2 474 301.6 | 8425
10.0 20.0 0.3 0.1 46.7 300.0 | 8425
10.0 20.0 0.3 0.2 46.5 300.0 | 8424
10.0 20.0 0.3 0.3 46.0 300.0 | 834.6
10.0 20.0 04 0.2 44.0 296.8 | 835.2
10.0 20.0 04 0.3 43.6 296.5 | 834.0
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The changes of dimensionless frequencies for the eigen
values as a function of crack depth are shown in Figs. 27-30.
It can be seen that measurable changes in natural frequencies
can be observed for relatively deep cracks. 3-D and contour
plots are drawn (Figs. 31 and 32) which show the variation of
crack depth and crack position with respect to the natural fre-
guency.

Aluminium beams (900 x 36 x 6 mm) with desired trans-
verse cracks were used for determining natural frequencies
and mode shapes. The experimental results for relative am-
plitude at different relative distances for the aluminium beam
specimen having relative crack depths 0.334 and 0.334 and
relative crack positions 0.125 and 0.5 are plotted in Figs. 34-36
for the first three modes. The corresponding numerical re-
sults are also presented for comparison.

Similarly, for the mild steel beam specimen (900x 40 x 6
mm), for asimilar crack geometry, the mode shapes from nu-
merical and experimental analysis are plotted and compared
(Figs. 37-39). The graph shows good agreement between the
numerical and experimental results.

The current results were compared with the numerical re-
sults obtained by Fernandez et al.® (Fig. 40). It is observed
that the current results agree well with the numerical ones.
The numerical results for the frequency ratio with respect to
relative crack position and depth are shown in Tables 2 and 3
for aluminium and mild steel beams respectively. From the
given numerical results (Tables 2 and 3), the relative crack
location or depth can be found out from the frequency ratio,
and vice versa.

7. CONCLUSION

An analytical-computational method has been used for
solving the frequency equation of an elastic cantilever beam
with a single/multiple cracks. The position of the crack can
be predicted from the deviations of the fundamental modes
between the cracked and uncracked beams. Furthermore, the
crack sizes can be identified by the variation of the corre-
sponding natural frequencies. Thus, it is possible to monitor
the growth of a crack in a beam, with the initially uncracked
beam considered as the baseline for future measurement.

One can also construct a contour or 3-D plot of natura
frequencies for each crack position and depth, as shown in
Figs. 31 and 32. From these diagrams, the depth of the cracks
can be determined from their cracked natura frequencies, if
the position of the crack is known from the sharply changed
curves of deviation of fundamental mode shapes.

The conclusions of the present study can be summarised
asfollows:

1) The presence of a crack in structural members intro-
duces loca flexibility, which can be computed and used in
structural analysis.

2) The identification method is based on the assumption
of transverse surface cracks extending uniformly along the
width of structure.

3) This method is applicable to structural systems which
have analytical description or can be modelled by means of
FEM or some other convenient discretisation method. Fur-
thermore, any complex structure can be broken into simple
local structural members for vibration analysis by making
proper assumptions. Suitable boundary conditions can be im-
posed on the local structural elements for vibration analysis.

Table 2. Variation of frequency ratio with respect to relative crack
position and depth. Cracked aluminium beam (L =80 cm, B=5cm,
W= 0.6 cm).
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Relative | Relative Frequency Relative | Relative Frequency
crggk crack ratio crg(;k crack ratio
position | depth position | depth
0.0625 0.02 0.979439 0.5 0.3 0.979439
0.0625 0.05 0.979437 0.5 0.4 0.97944
0.0625 0.1 0.979795 0.5 0.5 0.975375
0.0625 0.15 0.978184 0.5 0.6 0.971313
0.0625 0.2 0.975339 0.5 0.7 0.96212
0.0625 0.25 0.973343 0.5 0.8 0.936927
0.0625 0.3 0.971311 0.5 0.9 0.825396
0.0625 0.35 0.967247 0.6 0.01 0.981472
0.0625 0.4 0.961153 0.6 0.1 0.97944
0.0625 0.5 0.944895 0.6 0.2 0.97944
0.0625 0.6 0.918478 0.6 0.3 0.97944
0.0625 0.7 0.865826 0.6 0.4 0.97944
0.0625 0.8 0.753469 0.6 0.5 0.979439
0.0625 0.9 0.495418 0.6 0.6 0.975375
0.1 0.01 0.981469 0.6 0.7 0.972101
0.1 0.1 0.979439 0.6 0.8 0.960088
0.1 0.2 0.977407 0.6 0.9 0.899142
0.1 0.3 0.971311 0.7 0.01 0.97944
0.1 0.4 0.963183 0.7 0.1 0.97944
0.1 0.5 0.948959 0.7 0.2 0.97944
0.1 0.6 0.924574 0.7 0.3 0.97944
0.1 0.7 0.876585 0.7 0.4 0.97944
0.1 0.8 0.771551 0.7 0.5 0.979439
0.1 0.9 0.517974 0.7 0.6 0.979439
0.2 0.01 0.981471 0.7 0.7 0.97779
0.2 0.1 0.979439 0.7 0.8 0.973286
0.2 0.2 0.977407 0.7 0.9 0.94993
0.2 0.3 0.975359 0.8 0.01 0.97944
0.2 04 0.967247 0.8 0.1 0.97944
0.2 0.5 0.957087 0.8 0.2 0.97944
0.2 0.6 0.938798 0.8 0.3 0.97944
0.2 0.7 0.90381 0.8 0.4 0.97944
0.2 0.8 0.81889 0.8 0.5 0.97944
0.2 0.9 0.584017 0.8 0.6 0.979439
0.3 0.01 0.979439 0.8 0.7 0.980202
0.3 0.1 0.979439 0.8 0.8 0.979186
0.3 0.2 0.977407 0.8 0.9 0.974107
0.3 0.3 0.975176 0.9 0.01 0.97944
0.3 0.4 0.971312 0.9 0.1 0.97944
0.3 0.5 0.965215 0.9 0.2 0.97944
0.3 0.6 0.953023 0.9 0.3 0.97944
0.3 0.7 0.927585 0.9 0.4 0.97944
0.3 0.8 0.863993 0.9 0.5 0.979437
0.3 0.9 0.659203 0.9 0.6 0.97944
0.4 0.01 0.981471 0.9 0.7 0.981191
0.4 0.1 0.981471 0.9 0.8 0.980811
0.4 0.2 0.979439 0.9 0.9 0.980405
0.4 0.3 0.977408 0.99 0.01 0.97944
0.4 0.4 0.975376 0.99 0.1 0.97944
0.4 0.5 0.971311 0.99 0.2 0.97944
0.4 0.6 0.963184 | 0.99 0.3 0.97944
0.4 0.7 0.947315 0.99 0.4 0.97944
0.4 0.8 0.904216 0.99 0.5 0.97944
0.4 0.9 0.74169 0.99 0.6 0.979437
0.5 0.01 0.981472 0.99 0.7 0.980811
0.5 0.1 0.981471 0.99 0.8 0.980819
0.5 0.2 0.979439 0.99 0.9 0.980838
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Figure 34. First mode of transverse vibration, aluminium beam  Figure 37. First mode of transverse vibration, mild steel beam

(é1=0.334, £, =0.334, f1 =0.125, B, = 0.25). (é1=0.334, &5 = 0.334, 1 =0.125, o = 0.25).
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Figure 35. Second mode of transverse vibration, aluminium beam  Figure 38. Second mode of transverse vibration, mild steel beam

(£1=0.334, £, =0.334, f1 =0.125, B, = 0.25). (¢1=0.334, &5 = 0.334, 1 =0.125, o = 0.25).
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Figure 36. Third mode of transverse vibration, aluminium beam  Figure 39. Third mode of transverse vibration, mild steel beam
(£1=0.334, £, =0.334, 1 =0.125, 5, =0.25). (61=0.334, £, =0.334, 1 =0.125, 5, =0.25).
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Figure 40. Comparison of numerical result (Fernandez et al.) with
current analysis for variation of fundamental frequency with crack
ratio of a cantilever beam, L1/L = 0.75, wuncrack = 1280.796923.

Table 3. Variation of frequency ratio with respect to relative crack
position and depth. Cracked mild steel beam (L=80 cm, B=5 cm,
W= 0.6 cm).

Relative | Relative Frequency Relative | Relative Frequency
crr_s\c_k crack ratio crgc_k crack ralio

position depth position depth
0.1 0.1 0.996114 0.5 0.4 0.994496
0.1 0.2 0.993282 0.5 0.5 0.992068
0.1 0.3 0.988197 0.5 0.6 0.987818
0.1 0.4 0.979522 0.6 0.1 0.997143
0.1 0.5 0.965357 0.6 0.2 0.997109
0.1 0.6 0.940063 0.6 0.3 0.996722
0.2 0.1 0.996536 0.6 0.4 0.996114
0.2 0.2 0.994496 0.6 0.5 0.9949
0.2 0.3 0.990853 0.6 0.6 0.992877
0.2 0.4 0.984783 0.7 0.1 0.997329
0.2 0.5 0.974463 0.7 0.2 0.997328
0.2 0.6 0.955846 0.7 0.3 0.997126
0.3 0.1 0.855068 0.7 0.4 0.996924
0.3 0.2 0.995525 0.7 0.5 0.996519
0.3 0.3 0.993079 0.7 0.6 0.99571
0.3 0.4 0.98883 0.8 0.1 0.997329
0.3 0.5 0.98195 0.8 0.2 0.997329
0.3 0.6 0.969202 0.8 0.3 0.997329
0.4 0.1 0.996944 0.8 0.4 0.997329
04 0.2 0.996114 0.8 0.5 0.997126
0.4 0.3 0.994698 0.8 0.6 0.996924
0.4 0.4 0.992068 0.9 0.1 0.997329
0.4 0.5 0.987818 0.9 0.2 0.997329
0.4 0.6 0.979926 0.9 0.3 0.997329
0.5 0.1 0.997143 0.9 0.4 0.997329
0.5 0.2 0.996695 0.9 0.5 0.997322
0.5 0.3 0.995912 0.9 0.6 0.997329

4) However, a database can be prepared for the different
geometry of beams with cracks. The experimental results of
beam-like structures used in a practical application can be
compared with the results of the database. Hence, the loca
tion and size of acrack can be determined.

5) The analytical-computational method described in the
paper provides accuracy for minute cracks.

6) The results obtained from the experimental analysis
show excellent agreement with the corresponding numerical
results.

The proposed method can be used as a technique and as a
tool for preventive maintenance and the non-destructive test-

ing of structures. The results from the current analysis can be
utilised for the fault diagnosis of structures and for condition
monitoring.
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